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Abstract—Ballbot is a robotic structure in which the robot 

self-balances on a ball by rotating wheels. This robot is a 

popular form of service robot. Developing controllers for this 

system provides academic tools for reality. In this paper, after 

presenting the dynamic equations of the ballbot, we design a 

Proportional Integrated Derivative (PID)-Linear Quadratic 

Regulator (LQR) combined (PID-LQR) controller to balance 

the robot on the ball. The simulation results show the success of 

this method. An experimental model of a ballbot is presented. In 

the experiment, PID-LQR combined controller also shows its 

ability to self-balancing for the ballbot. With this finding, a 

method of controlling this model is a reference for developing 

this service robot. 

Keywords—Ballbot; Self-Balance; PID Control; LQR Control 

I. INTRODUCTION 

There are kinds of mobile robots [1]. Some robots do not 

need to be balanced control by using many wheels. But, the 

flexibility of these kinds of robots is not as good as a robot on 

a one-wheel [2] or on a ball [3] - ballbot. With the structure 

of a robot on a ball, it can smoothly turn itself around and 

move in multi-direction. Thence, it can be used as an indoor 

service robot [4]. However, due to the highly nonlinear 

characteristics of the ballbot, it is also widely studied in the 

academy. In Vietnam, the simulation of the linear controller 

for this robot is operated well with PID [5] and LQR [6], [7]. 

However, the experimental robot is not presented. Thence, an 

experimental survey is necessary to implement this direction 

in Vietnam.   

Ballbot was presented first by Carnegie Mellon 

University [8]. It is a kind of robot in which the mechanical 

structure is designed to be self-balanced on a ball. Through 

the motion of its wheels, besides self-balancing on the ball, 

the ball can be controlled to move. But, in that research, the 

flexible mechanical structure with five DC motors makes the 

robot high and difficult to move. Thence, students at General 

Hsing University [9] make the hardware simpler with only 

three DC motors but the robot is still high and difficult to 

create. No balancing controller is considered in that study. 

Researchers in Tohoku Gakuin [8] developed a simpler 

structure of a ballbot that uses only three DC motors. Only  

the algorithm of tracking trajectory is the focus in this study, 

the balancing is not focused. In [10], the dynamic equations 

of the ballbot are systemized and presented. Thence, 

simulation for ballbot in 3D space becomes easier to generate. 

Even if this robot is developed, such as online identification 

[11] or using PSO-neural network [12], designing a simple, 

cheap model, in which a popular control chip is used, is still 

necessary. Therefore, in [13], a ballbot structure that uses 

Arduino is presented. The LQR method is presented in that 

research. However, system parameters are identified well in 

that reference. This condition is not ideal for other models. 

Then, a hybrid controller can be a solution for controlling a 

ballbot.  

Ballbot is a complicated MIMO under-actuated system. It 

can be divided into smaller systems. Hence, each kind of 

controller can be applied to each smaller system. In this 

paper, we re-build the same hardware in which the electronics 

part is developed by us. Even though many control algorithms 

are tested well on this model, we want to apply a change in 

method to provide a hybrid controller to apply for our real 

model. Thence, we propose a PID-LQR combined controller 

for balancing this robot. The ability of our algorithm is 

proved to be good in both simulation and experiment.  The 

main purpose of this research is to balance well this 

experimental robot. Therefore, the survey of this method and 

other methods is not considered in this study. However, 

through this study, hardware and software platforms are 

introduced for the next research in development methods for 

this model [14]. 

II. DYNAMIC EQUATIONS 

The mathematical model of the ballbot is presented in Fig 

1 a. General mechanical parts are shown in Fig. 1 b. Dynamic 

equations in this part inherit from [10]. Three symmetric DC 

motors are connected to a body. The axis of each motor is 

fixed to a wheel. Rotation of the axis of the motor makes the 

wheel rotate. These wheels rotate and keep the body balanced 

on the ball. The adhesion of the wheels and the ball is 

assumed to be remarkable and sliding friction is regarded as 

zero. System parameters are listed in column 1, 2 of Table 1. 

Values of system parameters are used from [10].   System 

variables shown in Table 2.
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Table 1. System parameters 

Parameters Descriptions Valuables and units 

𝑚𝑆 Mass of the ball 2.2 kg 

𝑚𝑂𝑊 Mass of wheel 0.555 kg 

𝑚𝑔ℎ Mass of transmission mechanism 0.160 kg 

𝑚𝑀 Mass of DC motor 0.240 kg 

𝑟𝑆 Radius of ball 0.115 m 

𝑤𝐵 Length of the body of the robot 0.2 m 

ℎ The total length of the body of the robot and the ball 0.80 m 

ℎ1 The height of the upper part of the body 0.66 m 

ℎ2 The height of the lower part of the body 0.14 m 

𝐼𝑆 Inertial moment of the ball 2.65.10-2 kgm2 

𝐼𝑀 The inertial moment of the rotor of the motor 2.42.10-2 kgm2 

𝐼𝑂𝑊 Inertial moment of wheel 6.94.10-2 kgm2 

𝑙 Distance between center of ball and center of wheel 0.405 m 

𝑔 Gravitation acceleration 9.81 m/s2 

𝛼 The angle between the wheel and the upper side of the ball 450 

𝛽 Horizontal angle of the wheel 00 

𝑚𝐵 Mass of body 7.135 kg 

𝑚𝐵1 Mass of the upper part of the body 6.2 kg 

𝑚𝐵2 Mass of the lower part of the body 0.935 kg 

𝑚𝑊 Mass of the wheel 0.995 kg 

𝑟𝑊 Radius of wheel 0.050 m 

𝐼𝑊 Inertial moment of the axis of motor following coordinates yz/xz 1.90.10-3 kgm2 

𝐼𝑊,𝑥𝑦 Inertial moment of the axis of motor following coordinates xy 3.81.10-3 kgm2 

𝐼′
𝐵 Inertial moment of the axis of motor following coordinates yz/x 2.40 kgm2 

𝐼𝐵,𝑥𝑦 Inertial moment of the axis of motor following coordinates xy 4.76.10-2 kgm2 

Table 2. System variables 

Parameters Descriptions 

𝜓𝑗 The rotational angle of the body of the robot around axis j (j=x,y,z) 

ф𝑖 The rotational angle of Omni wheel i-th (i=1,2,3) 

𝜏𝑖 Rotational moment of Omni wheel i-th (i=1,2,3) 

𝜃𝑗 The rotational angle of the ball around axis j (j=x,y,z) 

ф𝑗 Rotational moment of assumed transmission wheel around axis j (j=x,y,z) 

𝜏𝑗 Assumed rotational moment of transmission wheel around axis j (j=x,y,z) 

  

Fig. 1. Structure of ballbot [10] 

  
(a)- Model on yz-plane (b)-Model on xy-plane 

Fig. 2. Force analysis of 2D-model 

 

Fig. 3. Rotational moment of ball on plane yx 

 

Fig. 4. Rotational moment of body on plane yx 
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Fig. 5. Side view 

 

Fig. 6. Up-down view 

In Fig 2, we assume the ball does not rotate around axis 

z. We define: 

 
𝑞𝑦𝑧 = [𝜃𝑥𝜓𝑥]

𝑇 , 𝑞𝑥𝑧 = [𝜃𝑦𝜓𝑦]
𝑇 , 𝑞𝑥𝑧 = [

𝜃𝑦

𝜓𝑦
] 𝑞𝑥𝑦 = [𝜓𝑧] (1) 

In Descartes's coordinate, we define the coordinate of 

each part of the robot as the ball (yS zS), body (yB zB), and 

wheel (yW zW). 

 [
𝑦𝑠

𝑧𝑠
] = [

𝑟𝑠𝜃𝑠

0
] ; [

𝑦𝐵

𝑧𝐵
] = [

𝑟𝑠 + 𝑙𝑠𝑖𝑛(𝜓𝑥)
𝑙𝑐𝑜𝑠(𝜓𝑦)

] ; [
𝑦𝑤

𝑧𝑤
] = [

𝑟𝑠𝜃𝑥 + (𝑟𝑠 + 𝑟𝑤)sin⁡(𝜓𝑥)
(𝑟𝑠 + 𝑟𝑤) cos(𝜓𝑥)

] (2) 

In-plane x-y, the axis of the coordinate is selected to be 

coincident with the center of the ball: 

 
[
𝑥𝑊,𝑥𝑦

𝑧𝑊,𝑥𝑦
] = [

(𝑟𝑠 + 𝑟𝑤) cos(𝜓𝑧)

(𝑟𝑠 + 𝑟𝑤) sin(𝜓𝑧)
] (3) 

Following coordinate yz/xz, we obtain formulas (4)-(9). 

The kinetic energy of the ball is: 

 
𝑇𝑆,𝑦𝑧 =

1

2
𝑚𝑆𝑟𝑆

2𝜃𝑆
2 +

1

2
𝐼𝑆𝜃𝑥

2̇
̇

 (4) 

The ball is on the plane, then, we obtain: 

 𝑉𝑆,𝑦𝑧 = 0 (5) 

The kinetic energy of the body of the robot is: 

 
𝑇𝐵,𝑦𝑧 =

1

2
𝑚𝑆𝑣𝐵

𝑇 ,𝑦𝑧 𝑣𝐵 ,𝑦𝑧+
1

2
𝐼𝐵𝜓𝑥

2̇  (6) 

where:
 ( ) ( )2 2 2 2

,

1 1
2 cos

2 2
B yz S S S x x x B B x

B
T m r r l I m l    = + + +

 
The kinetic energy of the body of the robot is: 

, cosB yz B xV M gl =  (7) 

The kinetic energy of the transmission wheel is: 

2

, , ,

1 1

2 2

T

W yz W W yz W yz W xT m v v I = +  (8) 

where

( ) ( )
22 2 2 2 2

, , 2 cosT

W yz W yz W W S S S S W x x x S W xv v y z r r r r r r    = + = + + + +

( )S
x x x

W

r

r
  = −

 

The potential energy of the transmission wheel is: 

( ), cosW yz W S W xV m g r r = +  (9) 

External torque which is created by a moment of the 

motor is calculated as. 

 
ɸ𝑥 =

𝑟𝑠
𝑟𝑊

(𝜃̇𝑥 − 𝜓̇𝑥) = [
𝑟𝑠
𝑟𝑊

−
𝑟𝑠
𝑟𝑊

] [
𝜃̇𝑥
𝜓̇𝑥

]⁡ (10) 

Where 𝐽 = [
𝑟𝑠

𝑟𝑊
−

𝑟𝑠

𝑟𝑊
] ; 𝜏𝑒𝑥𝑡 = [

𝜏𝜃𝑥

𝜏𝜓𝑥
] = 𝐽𝜏𝜏𝑥 = [

𝑟𝑠

𝑟𝑊

−
𝑟𝑠

𝑟𝑊

] 𝜏𝑥 

In coordinator xy (Fig. 3, Fig. 4), the robot is kept 

balanced on the ball and the motion is rotated around axis z. 

Thence, the kinetic energy of the ball is 

 TS,xy = 0 (11) 

The kinetic energy of the ball is: 

 
𝑦 =

1

2
𝐼𝐵 ,𝑥𝑦 𝜓𝑧

2̇  (12) 

The kinetic energy of the wheel is: 

 
𝑇𝑤 ,𝑥𝑦 =

1

2
𝐼𝑤 ,𝑥𝑦 ɸ𝑧

2 +
1

2
𝑚𝑊𝑣𝑊

𝜏 ,𝑥𝑦 𝑣𝑊 ,𝑥𝑦 (13) 

Where 𝑣𝑊
𝜏 ,𝑥𝑦 , 𝑣𝑊,𝑥𝑦 = 𝑥̇𝑊,𝑥𝑦

2+ 𝑦̇𝑊,𝑥𝑦
2 = (𝑟𝑠 + 𝑟𝑤)2𝜓̇𝑧

2;ɸ𝑧 = −
𝑟𝑠

𝑟𝑊
𝜓̇𝑧 

Relation of ɸ̇𝑧 and 𝜓̇𝑥 

ɸ̇𝑧 = −
𝑟𝑠
𝑟𝑊

𝜓̇𝑧 (14) 

Thence, we obtain: 

𝜏𝑒𝑥𝑡,𝑥𝑦 = 𝐽𝑇𝜏𝑧 = −
𝑟𝑠
𝑟𝑊

𝜏𝑧 (15) 

From (4) – (9), the Lagrangian operator is: 

( ) ( ) ( ), , , , , ,, , ,x x x x S xy B xy W xy S xy B xyt W xyL T T T V V V    = + + − + +  (16) 

𝐿(𝜓𝑥, 𝜓̇𝑥) = 𝑇𝑏,𝑥𝑦 + 𝑇𝑤,𝑥𝑦  (17) 

Dynamic equations of the system when considering plane 

yz/xz under the Euler-Lagrange method are: 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝜃̇𝑥

) −
𝜕𝐿

𝜕𝜃𝑥

= 𝜏𝜃𝑥
 

(18) 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝜓̇𝑥

) −
𝜕𝐿

𝜕𝜓𝑥

= 𝜏𝜓𝑥
 

(19) 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝜓̇𝑥

) −
𝜕𝐿

𝜕𝜓𝑥

= 𝜏𝑒𝑥𝑡,𝑥𝑦  (20) 

Equations (), (), () can be described in matrix form as 
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𝑀(𝑞𝑦𝑧)𝑞̈𝑦𝑧 + 𝐶(𝑞𝑦𝑧 , 𝑞̇𝑦𝑧)𝑞̇𝑦𝑧 + 𝐺(𝑞𝑦𝑧) = 𝜏𝑒𝑥𝑡 (21) 

𝑀(𝑞𝑥𝑦)𝑞̈𝑥𝑦 = 𝜏𝑒𝑥𝑡,𝑥𝑦 (22) 

𝑀(𝑞𝑦𝑧)𝑞̈𝑦𝑧 + 𝐶(𝑞𝑦𝑧, 𝑞̇𝑦𝑧)𝑞̇𝑦𝑧 + 𝐺(𝑞𝑦𝑧) = 𝜏𝑒𝑥𝑡𝑀(𝑞𝑥𝑦)𝑞̈𝑥𝑦 = 𝜏𝑒𝑥𝑡,𝑥𝑦  

where: 𝑀(𝑞𝑥𝑦) = 𝐼𝐵,𝑥𝑦 + 𝑚𝑊(𝑟𝑆 + 𝑟𝑊)2 +
𝑟𝑆

𝑟𝑊

2
𝐼𝑊,𝑥𝑦; 

 𝑀(𝑞𝑦𝑧) = [
𝐼𝑆 + 𝑟𝑡𝑜𝑡

2𝑚𝑡𝑜𝑡 +
𝑟𝑆

2

𝑟𝑊
2
𝐼𝑊 + 𝐼𝐵 𝑟𝑠𝜆 cos(𝜓𝑥) −

𝑟𝑆
2

𝑟𝑊
2
𝐼𝑊

𝑟𝑠𝜆 cos(𝜓𝑥) −
𝑟𝑆

2

𝑟𝑊
2
𝐼𝑊 𝑟𝑡𝑜𝑡

2𝑚𝑊 +
𝑟𝑆

2

𝑟𝑊
2
𝐼𝑊 + 𝐼′

𝐵

] 

𝐶(𝑞𝑦𝑧, 𝑞̇𝑦𝑧) = [0 𝑟𝑠𝜆 𝜓̇𝑥sin(𝜓𝑥)
0 0

]; 𝐺(𝑞𝑦𝑧) = [
0

−𝜆 𝑔sin(𝜓𝑥)
]; 

𝑚𝑡𝑜𝑡 = 𝑚𝑆 + 𝑚𝑊 + 𝑚𝐵; 𝜆 = 𝑚𝑊(𝑟𝑆 + 𝑟𝑊) + 𝑚𝐵𝑙; 

Due to the complicated structure of the dynamic equation 

of the nonlinear form, we focus on the linear model (around 

the working point) to examine it. The values of a system for 

simulation are used in Table 1. Important variables to follow 

are which will be shown in () and (). 

Variable matrix is defined as. 

TT

yz yz x x x xx q q      = =     (23) 

The equilibrium point is chosen as. 

0x x= = ; 0u u= =  (24) 

Where is the input of the system. Thence, (), and () can be 

linearized around a working point in () to be. 

𝑥̇ = 𝐴. 𝑥 + 𝐵. 𝑢 (25) 

Where: 

 𝐴 =

[
 
 
 
 
 

0
0

𝜕𝜃𝑥̈

𝜕𝜃𝑥
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

𝜕𝜓𝑥̈

𝜕𝜃𝑥
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

⁡⁡⁡⁡

0
0

𝜕𝜃𝑥̈

𝜕𝜓𝑥
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

𝜕𝜓𝑥̈

𝜕𝜓𝑥
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

⁡⁡⁡⁡⁡

1
0

𝜕𝜃𝑥̈

𝜕𝜃𝑥̇
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

𝜕𝜓𝑥̈

𝜕𝜃𝑥̇
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

⁡⁡⁡⁡⁡

0
1

𝜕𝜃𝑥̈

𝜕𝜓𝑥̇
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

𝜕𝜓𝑥̈

𝜕𝜓𝑥̇
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)]

 
 
 
 
 

 

𝐵 =

[
 
 
 
 
 

0
0

𝜕𝜃𝑥̈

𝜕𝑢
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

𝜕𝜓𝑥̈

𝜕𝑢
|(𝑥, 𝑢) = (𝑥̅, 𝑢̅)

⁡⁡⁡⁡

]
 
 
 
 
 

 

With parameters in Table 1 and equilibrium point (), 

matrices A and B in () have values as 

𝐴 = [

0
0
0
0

⁡⁡⁡⁡⁡

0
0

−75.6
34.2

⁡⁡⁡⁡⁡

1
0
0
0

⁡⁡⁡⁡⁡

0
1
0
0

⁡]

 

𝐵 = [

0
0

25.6
−6.5

⁡] (26) 

Variable matrix is defined as 

 
T

z zy  =  (27) 

Equation () is linearized around the working point to be: 

1 1 1y A y B u= +  (28) 

Where 
1

0 1

0 0
A

 
=  
 

1

0

22.2
B

 
=  

− 
1 Zu =

 

Thence, linear dynamic equations of ballbot can be 

described in (), (), (). FB, i is the force created by a rotational 

moment of Omni wheel i (i=1,2,3). rB,I is the arm 

corresponding to FB, i. β is the angle between wheel Omni and 

vertical axis Oz. Respectively, β+2*pi/3 and β-2*pi/3 are 

angles between Omni 2, 3, and vertical axis Oz. In Fig. 5, and 

Fig. 6, the moment vector of rotational forces is: 

𝜏𝑆,𝑖 = 𝑟𝑆,𝑖 ∗ 𝐹𝑆,𝑖 ⁡⁡⁡⁡𝑖 = 1,2,3 (29) 

𝜏𝑆,𝑗 = 𝑟𝑆,𝑗 ∗ 𝐹𝑆,𝑗 ⁡⁡⁡𝑗 = 𝑥, 𝑦, 𝑧
 

(30) 

Forces created by Omni are: 

𝐹𝐵,1 =
𝜏1

𝑟𝑊
[

sin⁡(𝛽)

−cos⁡(𝛽)
0

]; 

𝐹𝐵,1 =
𝜏2

𝑟𝑊
[

sin⁡(β +
2𝜋

3
)

−cos⁡(β +
2𝜋

3
)

0

]; 

𝐹𝐵,1 =
𝜏3

𝑟𝑊

[
 
 
 
 sin⁡(β −

2𝜋

3
)

−cos⁡(β −
2𝜋

3
)

0 ]
 
 
 
 

 

(31) 

The lengths of the arms are: 

𝑟𝐵,1 = 𝑟𝑆 [

sin⁡(𝛼)cos⁡(𝛽)

⁡ sin(𝛼) 𝑠𝑖𝑛(𝛽)

cos(𝛼)
]; 

𝑟𝐵,2 = 𝑟𝑆 [

𝑠𝑖𝑛⁡(𝛼)𝑐𝑜𝑠⁡(𝛽 +
2𝜋

3
)

⁡ 𝑠𝑖𝑛(𝛼) 𝑠𝑖𝑛(𝛽 +
2𝜋

3
)

𝑐𝑜𝑠(𝛼)

]; 

𝑟𝐵,3 = 𝑟𝑆

[
 
 
 
 𝑠𝑖𝑛⁡(𝛼)𝑐𝑜𝑠⁡(𝛽 −

2𝜋

3
)

⁡ 𝑠𝑖𝑛(𝛼) 𝑠𝑖𝑛(𝛽 −
2𝜋

3
)

𝑐𝑜𝑠(𝛼) ]
 
 
 
 

 

(32) 

From (), to (), rotational moments (of the body of the 

robot) that are controlled in a real model are: 

𝜏𝐵,1 =

[
 
 
 
 
𝑟𝑆cos⁡(𝛼)𝜏1cos⁡(𝛽)

𝑟𝑊

𝑟𝑆cos⁡(𝛼)𝜏1sin⁡(𝛽)

𝑟𝑊

−
sin⁡(𝛼)𝑟𝑆𝜏1

𝑟𝑊 ]
 
 
 
 

; 

𝜏𝐵,2 =

[
 
 
 
 
 
𝑟𝑆cos⁡(𝛼)𝜏2cos⁡(β+

2𝜋

3
)

𝑟𝑊

𝑟𝑆cos⁡(𝛼)𝜏2sin⁡(β+
2𝜋

3
)

𝑟𝑊

−
sin⁡(𝛼)𝑟𝑆𝜏2

𝑟𝑊 ]
 
 
 
 
 

; 

𝜏𝐵,3 =

[
 
 
 
 
 
 
 𝑟𝑆cos⁡(𝛼)𝜏3cos⁡(−β +

2𝜋
3

)

𝑟𝑊

−
𝑟𝑆cos⁡(𝛼)𝜏3sin⁡(−β +

2𝜋
3

)

𝑟𝑊

−
sin⁡(𝛼)𝑟𝑆𝜏3

𝑟𝑊 ]
 
 
 
 
 
 
 

 

(33) 

Forces that are created by the “assumed” wheel on the 

body of the robot are: 

𝐹𝐵,𝑥 =
𝜏𝑥

𝑟𝑊
[

0
−1
0

] ; (34) 
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𝐹𝐵,𝑦 =
𝜏𝑦

𝑟𝑊
[
1
0
0
]; 

𝐹𝐵,𝑧 =
𝜏𝑧

𝑟𝑊
[

sin⁡(β)

−cos⁡(β)
0

] ; 

Lengths of arms are: 

𝑟𝐵,𝑥 = 𝑟𝑆 [
0
0
1
];

 

𝑟𝐵,𝑦 = 𝑟𝑆 [
0
0
1
];

 

𝑟𝐵,𝑧 = 𝑟𝑆 [
cos⁡(β)

⁡ 𝑠𝑖𝑛(β)
0

] 

(35) 

Thence, moments created by the body of the robot are: 

𝜏𝐵,𝑥 = [

𝑟𝑆𝜏𝑥

𝑟𝑊
0
0

] ;

 

𝜏𝐵,𝑦 = [

0
𝑟𝑆𝜏𝑦

𝑟𝑊

0

];

 

𝜏𝐵,𝑧 = [

0
0

−
𝑟𝑆𝜏𝑧

𝑟𝑊

] 

(36) 

Matrices that describe the relation between the moment of 

motor and equivalent assumed moments affecting the ballbot 

are shown in () and (). 

( ) ( )

( ) ( ) 1

2

3

cos cos 3 sin cos cos 3 sin
cos cos

2 2

cos sin 3 cos cos sin 3 cos
cos sin

2 2

sin sin sin

x

y

z

     
 

 
     

   

 
  

 + −
 − −
 
    

− +    
= − −    
       
 
 
 
 

 

(37) 

[

𝜏1

𝜏2

𝜏3

] =

[
 
 
 
 
 
 

2cos⁡(𝛽)

3 cos(𝛼)

2sin(𝛽)

3 cos(𝛼)

1

3 sin(𝛼)

−
cos(𝛽) + √3sin(𝛽)]

3cos⁡(𝛼)

− sin(𝛽) + √3 cos(𝛽)]

3cos⁡(𝛼)

1

3 sin(𝛼)

− cos(𝛽) + √3sin(𝛽)]

3cos⁡(𝛼)
−

sin(𝛽) + √3 cos(𝛽)]

3cos⁡(𝛼)

1

3 sin(𝛼)]
 
 
 
 
 
 

. [

𝜏𝑥

𝜏𝑦

𝜏𝑧

] 

(38) 

From the nonlinear model, around the equilibrium point, 

transfer functions can be examined to make the survey on the 

system easier. With the parameters in Table 1, the transfer 

functions of the system in plane yz are: 

𝐺(𝑠)𝜏𝑥→𝜓𝑥
=

−6.5

⁡𝑠2 − ⁡8.882 ∗ ⁡10−16𝑠 − 34.2
 (39) 

𝐺(𝑠)𝜏𝑥→𝜃̇𝑥
=

25.6𝑠2 − 9.095 ∗ 10−14𝑠 − 384.1

𝑠3 − 8.882 ∗ 10−16⁡𝑠2 − 34.2⁡𝑠
 

(40) 

𝐺(𝑠)𝜏𝑥→𝜓̇𝑥
=

−6.5𝑠

⁡𝑠2 − ⁡8.882 ∗ ⁡10−16𝑠 − 34.2
 (41) 

𝐺(𝑠)𝜏𝑧→𝜓𝑧
=

−22.2

⁡𝑠2
 

(42) 

III. CONTROL DESIGN 

A unique big LQR controller can be designed for a MIMO 

under-actuated model, such as a ballbot. However, it could be 

complicated. Therefore, we propose a combined PID and 

LQR controller as in Fig. 7. Therefore, one big controller can 

be divided into smaller controllers. One LQR controller is 

used to control θx and ψx. One LQR controller is used to 

control θy and ψy. Two LQR controllers are chosen to have 

the same control parameters. The weighing matrices are 

selected as. 

𝑄 = [

20
0
0
0

⁡⁡⁡⁡⁡

0
100
0
0

⁡⁡⁡⁡⁡

0
0
10
0

⁡⁡⁡⁡⁡

0
0
0
50

⁡] ,⁡⁡⁡𝑅 = 200 (43) 

From (), (), using Matlab function. 

𝐾 = 𝑙𝑞𝑟(𝐴, 𝐵, 𝑄, 𝑅) (44) 

Then, we obtain: 

𝐾 = −0.3162 − 20.2752 − 0.4590 − 4.4309 (45) 

One PID controller is used to control ψz due to its simple 

linear structure and its popularity in the academy and 

industry. Its parameters are: 

𝐾𝑝 = 80, 𝐾𝑖 = 0.6, 𝐾𝑑 = 12 (46) 

Some simulation results are shown in Fig. 8 to Fig. 10. 

Three important variables that we focus on are θx,  ψx, ψy.  The 

balance of the ballbot can be assured if these variables are 

controlled well. In Fig. 8, angle θx is stabilized after 0.2 s. 

Vibration is around from -0.5 rad to 0.2 rad. In Fig. 9, angle 

ψx is stabilized after 8s. Vibration is around -0.025 rad to 

0.005 rad. In Fig. 10, angle ψz is stabilized after 8s. Vibration 

is around -1.5 rad to 2.5 rad. In simulation, the system is 

balanced well. However, the wide vibration in Fig. 10 shows 

the difficulty of applying a controller in simulation to a real 

experiment. 

 

Fig. 7. Structure of controller’s structure for ballbot (described by Matlab 

blocks) 

Our method is designed to prove the ability to use this 

control structure to stabilize a well ballbot at an equilibrium 

point to implement a new control structure for this model. 

The methods of only PID or only LQR are not built by us 

successfully to be compared to our method. Thence, 
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simulation, and experiment in this paper are approved to 

show the success of the combined method. 

IV. SIMULATION 

Some simulation results are shown in Fig. 8 to Fig. 10. 

Three important variables that we focus on are θx, ψx, ψy.  

The balance of the ballbot can be assured if these variables 

are controlled well. In Fig. 8, angle θx is stabilized after 0.2 s. 

Vibration is around from -0.5 rad to 0.2 rad. In Fig. 9, angle 

ψx is stabilized after 8s. Vibration is around -0.025 rad to 

0.005 rad. In Fig. 10, angle ψz is stabilized after 8s. Vibration 

is around -1.5 rad to 2.5 rad. In simulation, the system is 

balanced well. However, the wide vibration in Fig. 10 shows 

the difficulty of applying a controller in simulation to a real 

experiment. These figures show the stability of the ballbot at 

the equilibrium point through values moving to zero of these 

variables. The stability is vulnerable and control parameters 

must be improved through future research. 

 

Fig. 8. Angle θx (rad) 

 

Fig. 9. Angle ψx (rad) 

 

Fig. 10. Angle ψz (rad) 

In the simulation, only the stability of the system is 

shown. Control parameters are chosen as trial-and-error tests. 

Different control parameters make the system unstable. 

Thence, no survey is shown in this study. Therefore, 

calibration rules are a task for the future. 

V. EXPERIMENT 

A real model is built as in Fig. 11 and Fig. 12. The 

experimental structure for the system is shown in Fig. 13.  

Testing the exactness of the tilt angle measured by the IMU 

sensor, we use the Kalman filter to filter the noise and obtain 

Fig. 14. In that figure, the data with noise from IMU is blue 

and the data after being filtered is in red. The Kalman filter 

works well to make the signal smoother. 

The important variables of ballbot ψx and ψy are 

measured and shown in Fig. 15 and Fig. 16. In Fig. 15, angle 

ψx oscillates around -30 degrees to 54 degrees. In Fig. 16, 

angle ψz oscillates around -30 degrees to 54 degrees. The 

robot oscillates hard but balances in 1 second before falling. 

The robot can be balanced in 1 second before falling. The 

balancing time is short and should be improved. 

 

Fig. 11. Experimental ballbot 

 

Fig. 12. Ballbot on ball 

 

Fig. 13. Experimental structure of ballbot hardware 

Thence, the PID-LQR controller can balance the system 

at an equilibrium point. However, system responses are not 

the same in simulation and experiment. This study only 

proves that PID-LQR is acceptable for this model.  Our 

experimental model is shown in the link: 

https://www.youtube.com/watch?v=6ibiqnzVN0o. 

https://www.youtube.com/watch?v=6ibiqnzVN0o
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Fig. 14. Signal from IMU (blue) and after being filtered by Kalman filter 

(red) through time (ms) 

 

Fig. 15. Angle ψx
 (degree) in blue, compared to set point zero in red 

through time (ms) 

 

Fig. 16. Angle ψz
 (degree) in blue, compared to set point zero in red 

through time (ms) 

VI. CONCLUSION 

In the paper, we analyze the dynamic equations of the 

ballbot. Therefore, a combined PID-LQR controller for 

balancing this system on the equilibrium point is designed 

and tested well on simulation. We build a real model for the 

laboratory and describe our platform in paper. The 

experimental results show that our ballbot can balance within 

1 sec before falling. Therefore, our method is implemented 

method for future research due to its operation in both 

simulation and experiment. This method is a reference for 

applied methods in theory and reality. Moreover, this 

proposed hardware is the basement of the ballbot for another 

laboratory research. Our finding provides a new tool to 

stabilize the ballbot by providing a new method (PID_LQR 

combined structure). Therefore, this model can work with 

better quality. We can develop it to be a service robot in the 

laboratory for study and research. Therefore, a service robot 

is useful for restaurants and logistic centers due to its 

flexibility in motion. However, control parameters in this 

study are chosen through trial-and-error tests. And different 

control parameters cannot keep the system balanced. 

Therefore, a rule to choose and calibrate these parameters is 

necessary for the future. Moreover, both simulation and 

experiment show the ability of the controller, but the 

responses are different. Therefore, system parameters must 

be identified in future development. 
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