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Abstract—Pendubot, a unique single-input-multiple-output 

(SIMO) system, is commonly employed in laboratories to 

validate control algorithms. In this article, we develop an LQR 

controller to simulate and assess its effectiveness on this model. 

Specifically targeting the TOP position for control, we not only 

verify the controller's quality but also ensure the motion system 

accurately tracks a predefined trajectory, encompassing sine 

and square pulses. Control parameters are meticulously chosen 

through a genetic algorithm (GA). Although LQR is not highly 

rated for trajectory tracking due to its relatively small 

operational range, our successful simulations and control of this 

system are attributed to the assistance of GA. 

Keywords—Pendubot; LQR Control; SIMO System; Stabilize 

Control; Genetic Algorithm 

I. INTRODUCTION 

Pendubot, formally known as Pendulum Robot, serves as 

a standard and classic model system with a significant role in 

algorithm research at automatic control laboratories. 

Studying algorithms on standard models like the Pendubot 

provides students with valuable learning and training 

opportunities. Armed with this knowledge, students can later 

apply these algorithms to real-world scenarios during their 

work. Examples include implementing balancing systems for 

offshore drilling rigs, ensuring stability during spacecraft 

launches, and controlling their trajectories accurately. 

In [1], the author introduced the mechanical structure of 

pendulous. This marks the first research work by a 

Vietnamese author on this mechanical structure. LQR [2] and 

PID [3] algorithms were chosen to control the balance of this 

system. The controller exhibits very good quality, but this 

outcome is based on simulation, and there is no model 

available to verify the quality. Although experiments on the 

model can be easily found on platforms like YouTube, they 

often stop at static positions, such as TOP (both link 1 and 

link 2 up) or MID (link 1 down and link 2 up). In the 

document [4], the experiment of swinging up and balancing 

control at a static position is presented. Another published 

nonlinear controllers, such as Sliding Mode Controller [5], 

Fuzzy controller [6] based on 81 rules in [7], back-stepping 

[8] or controller combined of 2 controllers: adaptive Fuzzy  

PID [9], adaptive Fuzzy Sliding Mode [10],  adaptive Fuzzy 

Hierarchical Sliding Mode [11],  LQR base on Fuzzy logic 

control [12] demonstrate impressive results with a large 

working area in simulation. However, the related published 

documents are not fully verified, and numerous issues arise 

when simulating to find parameters for the controller. 

Basically, every controller needs suitable parameters found 

based on experiments from experts or the workspace. 

Moreover, GA [13] and PSO [14] were recommended to 

support experts do it. 

In this article, an LQR controller will be chosen for 

experimental verification with more challenging working 

positions to ensure more rigorous validation. Simultaneously, 

we have enhanced the accuracy of the simulation 

verifications to obtain a set of control parameters suitable for 

the existing hardware, aiming to make the simulation as close 

to the experiment as possible. 

II.  MATHEMATICAL MODEL 

A pendubot consists of two bars linked together in a plane 

by a free joint, Fig. 1. Link 1 is connected to a motor that 

balances link 2 at two experimentally controllable positions: 

TOP and MID, as described in [12]. In the TOP position, both 

links point upwards, while in the MID position, link 1 down, 

and link 2 up. Table 1 list the system parameters used. 

 

Fig. 1. System minimum of the proposed system 
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From [1], the mathematics of the system is rewritten as: 

𝑞̈1 =

𝛽2𝛽3 𝑠𝑖𝑛 𝑞2 (𝑞̇1
2 + 𝑞̇2

2 + 2𝑞̇1𝑞̇2) +

𝛽3
2 𝑐𝑜𝑠 𝑞2 𝑠𝑖𝑛 𝑞2 𝑞̇1

2 +

𝛽3𝛽5𝑔 𝑐𝑜𝑠 𝑞2 𝑐𝑜𝑠(𝑞1 + 𝑞2) + 𝛽2𝜏1

𝛽1𝛽2 − 𝛽3
2 𝑐𝑜𝑠2 𝑞2

 

(1) 

𝑞̈2 =

−𝛽3(𝛽2 + 𝛽3 𝑐𝑜𝑠 𝑞2)𝑠𝑖𝑛𝛽2𝛽3

𝑠𝑖𝑛 𝑞2 (𝑞̇1
2 + 𝑞̇2

2 + 2𝑞̇1𝑞̇2) +

𝛽3𝛽5𝑔 𝑐𝑜𝑠 𝑞2 𝑐𝑜𝑠(𝑞1 + 𝑞2) +

𝛽2𝜏1 + 𝛽3
2 𝑐𝑜𝑠 𝑞2 𝑠𝑖𝑛 𝑞2 𝑞̇1

2

𝛽1𝛽2 − 𝛽3
2 𝑐𝑜𝑠2 𝑞2

 

(2) 

Where: 𝛽1 = 𝑚1𝑙𝑐1 
2 + 𝑚2𝑙1

2 + 𝐼1; 𝛽2 = 𝑚2𝑙𝑐2 
2 + 𝐼2; 

𝛽3 = 𝑚2𝑙1𝑙𝑐2; 𝛽4 = 𝑚1𝑙𝑐1 + 𝑚2𝑙1; 𝛽5 = 𝑚2𝑙𝑐2. 

Table 1. System parameters 

Parameters Description Values 

𝑚1 mass of link 1 0.172 (kg) 

𝑚2 mass of link 2 0.053 (kg) 

𝑙1 length of link 1 0.2 (m) 

𝑙2 length of link 2 0.278 (m) 

𝑙𝑐1 Distance to center of mass of link 1 0.065 (m) 

𝑙𝑐2 Distance to center of mass of link 2 0.169 (m) 

𝐼1 Moment of inertia of link 1 0.0014 

𝐼2 Moment of inertia of link 2 0.0019 

𝑔 gravity of Earth 9.81(m s2⁄ ) 

 

Linear equations have the form: Where: 

𝑥 = [

𝑥1

𝑥2
𝑥3

𝑥4

]=[

𝑞1

𝑞1̇
𝑞2

𝑞2̇

]; 𝐴 =

[
 
 
 
 

0 1
𝜕𝑞̈1

𝜕𝑥1

𝜕𝑞̈1

𝜕𝑥2

0 0
𝜕𝑞̈1

𝜕𝑥3

𝜕𝑞̈1

𝜕𝑥4

0 0
𝜕𝑞̈2

𝜕𝑥1

𝜕𝑞̈2

𝜕𝑥2

0 1
𝜕𝑞̈2

𝜕𝑥3

𝜕𝑞̈2

𝜕𝑥4]
 
 
 
 

; 𝐵 =

[
 
 
 
 
0

𝜕𝑞̈1

𝜕𝜏1

0
𝜕𝑞̈2

𝜕𝜏1]
 
 
 
 

 (3) 

III. CONTROLLER METHOD 

According to our experience, the ideal sampling time is 

5ms. Matrices A and B are continuous. Thence, we need to 

convert it to the discrete system by MATLAB command: 

[𝐴𝑑 𝐵𝑑]𝑇 = 𝑐2𝑑(𝐴, 𝐵, 0.005); (4) 

The equilibrium point is chosen as: 

𝑥 = [0] (5) 

This equilibrium point is the TOP position of Pendubot. 

At that position, the moment on link 1 is zero to maintain the 

system stability.  If the system is the round working point in 

(5), the LQR signal to the control system is: 

𝜏1(𝑡) = −𝐾𝑥(𝑡) (6) 

Basically, weighing matrixes Q and R can be selected as 

eye matrix. However, the simulation we designed is not ideal 

with resolution-limited hardware. There for, the genetic 

algorithm (GA) is used to find and optimize these matrixes. 

𝑄 = [

𝐾1 0
0 𝐾2

0  0
0  0

0  0
0  0

𝐾3 0
0 𝐾4

] ;  𝑅 = 𝐾5 (7) 

Matrix K is calculated by Matlab command: 

𝐾 = 𝑑𝑙𝑞𝑟(𝐴𝑑 , 𝐵𝑑 , 𝑄, 𝑅) (8) 

IV. GENETIC ALGORITHM 

Based on thesis from document [7] and objective function 

in document [10], we choose configuration parameters for 

GA.  

• Maximum number of generations: 200; 

• Number of individuals: 50; 

• Hybridization coefficient: 0.8; 

• Mutation coefficient: 0.2; 

• Encoding type: binary encoding; 

With the search results demonstrating excellent control 

quality in the document [10], the objective function is 

selected as follows: 

J = ∑[e2e2
′ + e1e1

′ + ee′]

n

i=1

 

Where the objective function variables are explained in 

Table 2.  These values will be collected continuously 

throughout the simulation. 

Table 2. Variables for the objective function 

Parameters Description 

𝑒 Torque1 

𝑒1 Error argular link 1 

𝑒2 Error argular link 2 

V. SIMULATION 

To simulate and verify the quality of the controller. We 

need to set the initial state of the system. The parameters are 

selected as Table 3. 

Table 3. Initial state values 

Parameters Description Values 

𝜃1 angular of link 1 0.2 + 𝜋 2⁄  (rad) 

𝜃̇1 angular speed of link 1 0.1 (rad/s) 

𝜃2 angular of link 2 -0.2 (rad) 

𝜃̇2 angular speed of link 2 -0.1 (rad/s) 

 

These initial values are chosen to be relatively large with 

the aim of expanding the workspace. Similarly, the 

parameters identified through GA can ensure quality control. 

Fig. 2 shows the MATLAB Simulink of the system used. 

 
Fig. 2. Simulation simulink program  

Detailed description: The largest block, labeled 

“pendubot”, describes the state of pendubot. We have slightly 

adjusted it to represent the data status that the microprocessor 

reads from the experimental model. The “LQR” block 

contains Equation (6). The 'limit' block constrains the torque 

to the correct torque limit of the motor we have selected. The 
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“sample trajectory” block holds the working trajectory that 

we have designed. The “error” block is designed to trigger an 

interruption in case the system becomes unstable. The data 

“e”, “e1” and “e2” are stored for use in the GA loop. 

Detailed description: In Fig. 3, we do not directly utilize 

the system's state variables due to the lag between the real 

model's velocity and the reading time. Therefore, we 

differentiate the angle reading value to obtain the state value 

that closely resembles the experimental model. After 1000 

generations of GA searching, we found a suitable K Matrix 

set as follows: 

 

Fig. 3.  “Pendubot” block 

K1=143.104; K2=10; K3=939.66; K4=9.16; K5=8.716 (9) 

Matrix (4) is a constant. By substituting (9) into (8), we 

obtain the following control matrix: 

𝐾 = [−14.867 −3.629 −13.364 −2.593] (10) 

With the aim to optimize both results and energy 

consumption for increased feasibility in experiments, 

achieving about 90% of the sample trajectory in simulation 

results is a very positive outcome. The angular state 𝜃1 shown 

in Fig 4. 

 

Fig. 4. The angular state 𝜃1 compared to the sample 

VI. EXPERIMENT 

Fig. 5 shows the real pendubot used in this study. In the 

experiment, we increased the amplitude of the sample 

trajectory to clearly differentiate it from the stable TOP 

position. Equipment is selected and used for experiments: 

With a simulated torque limit of 0.5N, the motor in Fig. 6 

meets the requirements, provided the power supply reaches 

the minimum voltage as shown in Fig. 7. To adjust and 

modulate the pulse to match the consumption level, the H-

bridge circuit in Fig. 8 ensures signal quality and transmission 

efficiency. The selected microprocessor in Fig. 9 operates at 

a maximum clock speed of 72MHz, ensuring prompt signal 

reading from a high-resolution encoder with up to 600 pulses 

in Fig. 10 and processing data promptly within a 5ms 

sampling time. To load the program into the microprocessor, 

you need to use a downloader circuit as shown in Fig. 11. 

During the experiment, data will be returned to the computer 

via the UART communication standard, so an additional 

circuit is needed to translate from UART to USB standard as 

shown Fig. 12 for the computer to read. 

  

Fig. 5. Experimental pendubot model 

 

Fig. 6. DC NISCA Servo Motor NF5475E 

 
 

Fig. 7. Linear power source 24v 

5A 

Fig. 8. H bridge BTS 7960 

  

Fig. 9. Microprocessor 

STM32F103 

Fig. 10. LPD3806-600BM rotary 

encoder 

 

 

Fig. 11. STM32 ST-Link V2 mini Fig. 12. USB UART CP2102 

 

With this controller, we need to convert torque into a 

voltage signal. From the document [15], we have a formula 

(11). The engine parameters we identify are listed in Table 4. 

𝑒 =
𝑅𝑚

𝐾𝑡

𝜏1 + 𝐾𝑏𝑞1̇ (11) 
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Table 4.  Engine parameters 

Parameters Description Values 

𝑅𝑚 Motor resistance 2.826(ohm) 

𝐾𝑡 Torque constant 0.0926 (Nm/A) 

𝐾𝑏 Back EMF constant 0.0061 (V/(rad/sec)) 

 

Unlike simulating, variables with high resolution up to 32 

bits, where the smallest changes are eliminated immediately. 

In experiments, the resolution of the angular value and 

angular velocity readings depends on the number of pulses 

from the encoder. This ensures that resulting signal spikes do 

not lead to chattering. The angular state 𝜃1 compared to the 

sine wave shown in Fig. 13. The angular state 𝜃1 compared 

to the pulse shown in Fig. 14. 

 

Fig. 13. The angular state 𝜃1 compared to the sine wave. This experiment is 

equivalent to the simulation of Fig. 4 from 0 seconds to 140 seconds 

 

Fig. 14. The angular state 𝜃1 compared to the pulse. This experiment is 

equivalent to the simulation of Fig. 4 from 150 second to 300 second 

The ability to track the trajectory is quite good but 

requires substantial hardware, including a high-resolution 

encoder for prompt system status feedback. Additionally, the 

microprocessor must process information swiftly to avoid 

missing the encoder's signals. 

Through two types of orbits, it can be observed that, 

despite being a linear controller, LQR effectively governs a 

nonlinear system along a nonlinear trajectory. However, it is 

still capable of stabilizing the system in static positions and 

following dynamic trajectories. The experimental values 

unmistakably showcase the unexpected capabilities of the 

LQR optimal controller. More details are shown in the links 

of YouTube: Sine wave: https://youtu.be/dVe7zvcfW-0. 

Pulse wave: https://youtu.be/WrvH5jD5KTg 

VII. CONCLUSION 

In general, even though the LQR controller is designed 

for linear systems, its control parameters are derived from 

mathematical equations. The controller demonstrates an 

ability to handle situations beyond the nominal working 

position, such as in the TOP position. This suggests that with 

a comprehensive understanding of the system's mathematical 

equations and parameters, LQR stands out as a controller that 

ensures quality and is easily accessible. 
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