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Abstract—Inverted pendulum (IP) is a single input-multi
output (SIMO) nonlinear system that is popular in laboratories
of control engineering. In this paper, we propose a structure of
the PID control method — the most popular control method in
the industry - for the cart and pole (C&P) system- a kind of IP.
In this case, a suitable structure can help single input-single
output (SISO) linear controllers to balance well. By this
combination, the PID method can be used to stabilize this model
at the equilibrium point. This controller is proven to work well
in simulation. Therefore, we also present an experimental model
which is created from the STM32F4 Discovery board for testing
this algorithm. The experiment results again confirm the
suitability of the method in simulation. Therefore, a survey of
PID calibration is examined. The experimental survey confirms
the suitability of this PID controller with theoretical points. The
results from this study can be used to examine and train
algorithms for learners in control laboratories.

Keywords—Cart and Pole; Inverted Pendulum; PID Control;
Linear Controller; SIMO Systems

I. INTRODUCTION

An inverted pendulum (IP) is popularly used in control
laboratories due to its simple but highly nonlinear
characteristics [1][2]. C&P, also known as IP on the cart is a
classical SIMO nonlinear model in many experiments about
controlling theory because of its high instability [3]. The
system also serves as a foundation for more complex systems
like orbiting and tracking missiles, machinery axes that need
to be stabilized with high precision, etc. In fact, much similar
research on how to control the trajectory of IP has been
carried out through the decades. It is also developed to be a
standard model by Quanser company [4]. However, most of
them are only conducted through simulation [5]. Many
studies with a functioning model also do not implement
orbital control, only placement control at a fixed point. Many
researchers also use self-made models [6] controlled by
algorithms such as linear controllers [7], such as PID, LQR,
and pole placement. In that study, the comparison is among
the linear control methods. The development of research can
be fuzzy [8] or sliding mode control [9]. However, PID is still
the most popular method in academies and industry [10] due

to its simple structure. Moreover, the operators can neglect
system information but still make the system work well
through calibrations. Researchers from many universities
around the world, including undergraduates, have done
projects related to under-actuated systems [5], [6]. Due to the
high price of C&P of Quanser [4], many experimental C&P
systems are made to satisfy the requirement of control
engineering research in poor countries. In [11], a hardware of
DSP TMS320F28335 is used to balance well experimental
C&P. However, this control board is expensive, and it is not
supported freely from Texas anymore. In [12], Arduino — a
popular processor- is introduced to be applied on real C&P
with a PID controller. However, this processor is low-speed
and has low memory. Thence, it is not suitable for intelligent
and nonlinear methods. In [13] and [14], STM32F4 is proved
to be a cheap, high-speed, and MATLAB-embedded
processor which can be used for complicated systems. In the
research, the real model is a rotary inverted pendulum (RIP)
which is different from C&P. RIP is easier to control than
C&P. The Operating range of the arm of RIP is larger than
the operating range of the cart of C&P although the same
roles.

Thence, a new control hardware platform must be
considered. In this study, we build a structure of PID
controllers to balance well C&P. Besides, a self-made
experimental model is presented as a hardware platform that
is based on STM32F4 — a new and updated control board- to
develop algorithms for our laboratory.

1. MATHEMATICAL MODEL

The mathematical model of C&P is shown in Fig. 1. The
pole will rotate around an axis of the encoder attached
directly to the cart. We aim to keep the pole stabilized at a
balanced position (upward). At the same time, the cart will
also be moving along a calculated orbit so that the pole will
not be able to fall below and maintain a balanced position.
From [11], dynamic equations of C&P are shown in equation
(1) and equation (2).

Where, L: Length of the pole (m); m: Weight of the pole
(kg); M: Weight of the cart (kg); J1: Moment of Inertia
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(kgm2); 0: pendulum’s angle (rad); x: position of the cart (m);
Rm: motor’s resistor (Q); Lm: reactance factor (H); Eb:
electromotive force (V); Jm: inertia moment of the rotor
(kgm2); Kb: reactance constant (V/(rad/sec)); Kt: moment
constant (Nm/A); ®: motor’s velocity (rad/s); 6m: motor’s
shaft rotation angle (rad); Tf: frictional moment (Nm); Cm:
oil’s frictional coefficient (Nm/(rad/sec));

d1 K, d?Cy |, d?KK a2 Jm
o = i = B+ i =

Positive direction (+)
Pendulum’s '_-\:l 4
weight m

theta
: Pendulum
length L

Cart’s
weight M

Cart’s
postition x

Fig. 1. Mathematical model of C&P
(m 4+ M)% + mLbcos® — mLO?*sinf (@h)
mLxcos6 + (J; + mL?)§ — mgLsing = 6 2

Re-writing the dynamic equations into matrices, we obtain.

@i+ v, @di+e @ =[] @

A 0
where: Gy = [—mgL sin 0]
By defining variables, we obtain a matrix of varies as follows:
x =[x x5 x3 x4]T:[X’k99]T (4)

Equation (3) becomes:

X1 = X,
% = 00 + 91 (0).u -
X'3 = Xa

X4 = f2(x) + g2(x).u

I1l.  PID CONTROL

C&P is a SIMO system. However, the PID controller is a
SISO structure. Therefore, we propose a structure of double-
ID controller structure which is shown in Fig. 3. Inside each
PID block, the description is shown in Fig. 2.

IV. SIMULATION

By obtaining system parameters from the real model, we
have. These parameters are the same in both simulation and
experiment. The simulation program is described in Fig. 3.
The simulation process is divided into 3 cases: balancing at
the equilibrium point, following sine trajectory, and pulse

trajectory. Control parameters are found by GA as the method
in [15]. Simulation responses of the system are listed from
Fig. 4 to Fig. 9.

L =048 m =023, M =0.39;

J11
~—« (m2 + 0.032); Kb = 0.053;
12 (6)
Kt = Kb; Rm=2.7; Jm = 47610 — 5;

Cm=17.636+10—5

Lp| Kilz1)
Tsz

Fig. 2. PID control block

)

Fig. 3. Simulation program in MATLAB/simulink environment

A. Case 1: Balancing at the Equilibrium Point

By using GA combined with PID, we obtained the
following PID parameters:

Kpl = 66,Kil = 22.6,Kd1 = 25,

()
Kp2 = 86.2,Ki2 = 58,Kd2 = 112

Time (ms)

012

Pole's Angle | |
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Fig. 4. Pole’s angle under PID controller — balanced (rad)
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Fig. 4 and Fig. 5 show that the PID controller can stabilize
the system at the balanced working point. The pole’s angle is
driven to zero, while the cart’s position is heading to the set
point, which in this case is 0.08. The cart nearly stands still
while the pole is in a vertically upward position. The settling

time is 4 sec.
Time (ms)
0.3 = |
Cart's Position |

0.25 —

0.2 —

o
"
o

o
o

0.05

Position (m)

-0.15 — i i
| |

0 10 20

Fig. 5. Cart’s position under PID controller — balanced (measured in meter

(m)

B. Case 2: Sine Trajectory Tracking

By using GA combined with PID, we obtained the
following PID parameters:

Kpl = 47.6,Kil = 95.5,Kdl = 48.3,

(®)
Kp2 = 95,Ki2 = 389,Kd2 = 204

We provide a sine wave input for the system that acts as
an orbital reference sample. The cart will move according to
the value of the sine wave while trying to keep the pendulum
in a vertically upward position. Fig. 6 and Fig. 7 show that
the PID controller successfully controls the system. The cart
follows a sine trajectory, and the pole is balanced after a short

time (< 1 sec). .
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Fig. 6. Pole’s angle under PID controller — sine wave (rad)
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Fig. 7. Cart’s position under PID controller — sine wave (measured in
meter (m))

C. Case 3: Pulse Trajectory Tracking

Similar to the previous simulation this time, a pulse
(square) wave input as the orbital reference sample. This
square wave has 0.2 amplitude and a 20s period. By using GA
combined with PID, we obtained the following PID
parameters:

Kpl = 60.9,Kil = 9.3,Kd1 = 184,
Kp2 = 78.6,Ki2 = 82.7,Kd2 = 9.5

Fig. 8 and Fig. 9 show that this system is still stable. The
cart follows a square pulse trajectory while the pole remains
firmly in the balanced vertically upward position. Especially
we can see the cart is stable at around 4s, with low overshoot
(<10%). The pole’s angle takes just under 2s to return from
its current position to the balanced position. However, by
reducing the square wave period by a significant amount (for
example 5s period), the system is forced to adapt faster, so
this could lead to some inaccurate output responses (too slow
or too fast).
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Fig. 8. Pole’s angle under PID controller — square wave (rad)
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Fig. 9. Cart’s Position under PID controller — square wave (rad)

V. EXPERIMENTS

Our experimental model is shown in Fig. 10. The
connection of hardware is shown in Fig. 11.

X

Fig. 10. Experimental model

The structure of C&P in Fig. 10 is shown by numbers:

1. A hard slider on the base is pulled back and forth through
the head motor base, intermediate via the belt. Friction is
minimized by applying beef grease onto the skid of the
cart. On the slider is attached an Encoder 600 pulses to
calculate the angle of deflection of the pendulum relative
to the upward vertical.

2. Motor control cart. On the motor shaft, there is mounted
an encoder 600 pulses to calculate the displacement of the
Cart.

3. Baseisa4-legged iron frame. Constructed like a low table
frame which is light and convenient for moving but also
ensures the strengthening when the system is working.

4. On the encoder shaft, there is an aluminum pendulum bar.

The pendulum bar is not too light to be able to create an

imbalance to show the hardware control algorithm.

However, the pendulum bar cannot be too heavy to

protect the encoder shaft on the slider from breaking.

Microprocessor protection board.

6. 12VDC power supply to the system.

@

In experiments, PID parameters are re-used. The result
shows the stability of the system under the control algorithm.
Friction, extraneous noise, and error identification of motor

parameters are additional effects that act upon the system and
are ignored in simulation. However, the fact that the system
still performs well proves that the PID controller has high
stability. In Fig. 12, the settling time is 17 sec. The pendulum
angle ranges from -20 degrees to 20 degrees. Cart position
ranges from -36 cm to 36 cm. However, the oscillation of the
cart is still high, and it tends to be higher and higher. Still, the
system works well. Control parameters in case 2 shown in
Table 1.

O e t—
=¥ DC motor
encoder with encoder
on trolley position voltage
angle of cm of cart
control
STM32F4 signal H-bridge driver
control board Constant
system data Voltage

DC Source 24VDC

Fig. 11. Hardware structure

Table 1. Control parameters in case 1
Kp Kg
Pendulum 405 0.22
Cart 82 0.11
& T —_—
—Ange of Pendukm
—— Postion of cart
nr- |
g n-
é n-
: |~ A
LI e, oy f . e ]
Sar e e, e
5 s s
Zal
2 1
) 0 0 1000 1500 200 250

Time (ms)
Fig. 12. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 1)

In Fig. 13, when Kp of the pendulum is reduced by 10%,
the biggest change is that the actual response of the angle of
the pendulum, amplitude, and frequency of operation is
smaller than the student's chosen parameter. Besides, the cart
still holds the position well in 11 sec. Control parameters in
case 3 Table 2.

In Fig. 14, when increasing the Kp value by 10% from
case 1, the angle of the pole only increases the operating
amplitude around the equilibrium position, it still clings well
to the equilibrium position. Besides, the cart position tends to
deviate from the equilibrium point, which due to the system
being less stable drops faster. Control parameters in case 3
Table 3.

In Fig. 15 when decreasing Kp value by 10%, the cart still
holds the pole in the equilibrium working range. However,
the oscillation of the cart increases due to the system drop in
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7 sec which means too fast. First PID parameters, decreasing
Kp2 by 10% from case 1 shown in Table 4.

Table 2. Control parameters in case 2 (decreasing Kpl by 10% from
Table 1)
Ky Kq
Pendulum-1 3645 0.22
Cart-2 82 0.11

Angle(®) & Position(cm)

g v v v
0 B a0 o0 a0 1000 1200 1400
Time{ms)

Fig. 13. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 2)

Table 3. Control parameters in case 3 (increasing Kpl by 10% from
Table 1)
Kp Kg
Pendulum-1 4455 0.22
Cart-2 82 0.11

Angle(°) & Position(em)

o 200 400 T"E;Cms‘ 800 1000 1200
Fig. 14. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 3)

Table 4. First PID parameters, decreasing Kp2 by 10% from case 1

Ko Kg
Pendulum-1 405 0.22
Cart-2 73.8 0.11

H
4
“
¥
7
<

| \| ‘ | il
L . . .
w w0 w0 0 a0 a0
Tima(ms)

Fig. 15. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 4)

In Fig. 16 when increasing Kp of the cart by 10%, the
response of the cart increases which can keep the pole at the
equivalent point 2 sec longer. The operating amplitude
around the equilibrium position of the pole is the smallest and
most stable. Along with that, the cart also works around the

original position and does not deviate much on both sides.
First PID parameters, increasing Kp2 by 10% from case 1
(case 5) shown in Table 5.

Table 5. First PID parameters, increasing Kp2 by 10% from case 1 (case

5)

Ko Kg
Pendulum-1 405 0.22
Cart- 2 90.2 0.11

=
T
L

Angle(®) & Position(cm)

&
T
I

Fig. 16. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 5)

In Fig. 17 when decreasing Ky value by 10% and keeping
the remaining parameters at the original, the operating
amplitude around the equilibrium position of the pole and the
cart is the smallest and most stable. However, at the 10%"
second, the cart tends to be derived from the original working
point and drops the pole. First PID parameters, decreasing
Kd1 by 10% from case 1 (case 6) shown in Table 6.

Table 6.  First PID parameters, decreasing Kd1 by 10% from case 1 (case
6)
Ko Kg
Pendulum-1 405 0.198
Cart-2 82 0.11
20 T T
|1
1B 1
100 1
é Ll 1
§ ol Y . Y ]
E — —.
E S0 B
2
A0 4
A5 [ 1
m | | 1 I I

0 m 400 800 L] 100 1200 1400 160 1600
Time{ms)

Fig. 17. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 6)

In Fig. 18 when decreasing Ky value by 10%, the
operating amplitude is around the equilibrium position of the
pole and the cart. The increasing of the pendulum K, makes
the cart oscillate in the wide range which due to the pendulum
bar drops fast. However, the system still works well. First
PID parameters, increasing Kd1 by 10% (case 7) shown in
Table 7. In Fig. 19 The 10% decrement of cart Kd has
significant effects on the system. It makes the cart become

Thai-Bao Dang, PID Control for Cart and Pole System: Simulation and Experiment



Journal of Fuzzy Systems and Control, Vol. 2, No 1, 2024

34

less stable and start to lose control after a while, while also
increasing the operating amplitude around the equilibrium
position. Furthermore, due to a limitation on the hardware’s
part, we can only control the cart from -35 ¢cm to 35 cm. In
the figure, the cart is constantly out of bounds due to noises.
This phenomenon makes this system only work in a short
time which is 4 sec. First PID parameters, decreasing Kd2 by
10% (case 8) shown in Table 8.

Table 7. First PID parameters, increasing Kd1 by 10% (case 7)
Kp Kg
Pendulum-1 405 0.242
Cart-2 82 011

100 200 00 400 00 &0 0 B0 800

Fig. 18. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 7)

Table 8.  First PID parameters, decreasing Kd2 by 10% (case 8)

K, Kg
Pendulum-1 405 0.22
Cart-2 82  0.099

ion(cm)

Angle(*) & Posii

20
0 100 20 00 a0 500 600 0
Time(ms)

Fig. 19. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 8)

In Fig. 20 the 10% increase of cart Ky effects upon the
system is stable in 7 sec. In the beginning, the cart holds the
pendulum bar well. However, in the middle of the process,
the oscillation is high which leads to the drop of the
pendulum. First PID parameters, increasing Kd2 by 10%
(case 9) shown in Table 9.

Table 9.  First PID parameters, increasing Kd2 by 10% (case 9)

Kp Kg
Pendulum-1 405 0.22
Cart-2 82 0.121

Based on the variation of each parameter in the first
experiment, these are some conclusions:

e When reducing K of the pendulum by 10%, the biggest
change is the actual response of the angle of the
pendulum, amplitude, and frequency of operation.
Besides, the cart still holds the position well in 11
seconds.

e When increasing the K, value of the pendulum, the angle
of the pendulum bar only increases the operating
amplitude around the equilibrium position. However, the
system is less stable and drops faster.

When decrease K, of the cart is, the cart still holds the
pendulum bar well in the equilibrium working range. Still,
the cart oscillates too much due to the system dropping
fast.

When increase Kp of the cart by 10%, the response of the
cart is increased which can keep the pendulum at the
equivalent point longer and oscillate after 4 seconds.
More than that, the pendulum only drops down after 10
seconds.

When decreasing pendulum Ky 10%, the operating
amplitude around the equilibrium position of the
pendulum bar. After the 10" second, the cart tends to
deviate from the original working point and drops the
pendulum bar.

When increasing the pendulum Ky value by 10%, the
operating amplitude is around the equilibrium position of
the pendulum bar and the cart. However, the system still
works well enough and only drops at the 8™ second.

The 10% decrement of cart Kq has significant effects on
the system. In this case, the cart became less stable, started
to lose control after a while and the system only worked
in a short time.

200

150

100

(

Angle(”) & Position(am)

0 m 40 500 0 1000 1200 1400
Time(ms)

Fig. 20. Angle of the pendulum (degree) (red) & position of the cart (cm)
(blue) (case 9)

VI.  CONCLUSION

Through this study, we examine the mathematical model
of C&P with voltage as the control signal. We propose a
structure of PID control to balance this model at the
equilibrium point. Simulation results prove that this method
is suitable to balance this system at the working point and
control parameters are obtained by GA. Also, trajectory
tracking control is successful with pulse and sine trajectories.
We also propose an experimental C&P model using the
STM32F4 discovery board. In the experiment, our control
method is proven to balance C&P effectively. With this
platform, we tested control rules in PID theory, and the
suitability of calibration rules of PID in theory and reality is
confirmed.
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