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Abstract—This study explores using an LQR control for a 

balancing model of the inverted pendulum (IP) on a cart and 

pole system at the equilibrium point. The approach starts by 

deriving the system's motion equations by Lagrangian method. 

Moreover, real-world experiments are conducted to validate the 

proposed control strategy, demonstrating its practical 

applicability and robustness specifically in the context of 

stabilizing IP systems on carts. Thence, this model can be a 

standard training model for laboratory in control theory. 

Keywords—Cart and Pole; LQR Control; Inverted Pendulum; 

Optimal Control 

I. INTRODUCTION  

The story of IP serves as a quintessential example in the 

field of automatic control. Since the 1950s, it has evolved into 

one of the standard systems in control laboratories [1]. The 

diverse characteristics of IP, such as nonlinearity, instability, 

and single input-two output structure, render controlling an 

IP a challenging task. Furthermore, the dynamics of IP are 

fundamental for maintaining balance, applicable in scenarios 

such as rocket thruster control [2], walking [3][4], and 

wheeled mobile robot control [5][6], including recent 

innovations in personal transportation devices like self-

balancing scooters [7]. 

The role of the IP paradigm in modern robotics extends to 

the development of bipedal robots, where researchers apply 

its principles to mimic the complex human gait, providing 

insights into the control of locomotion and balance [8]. As 

robotics systems become more sophisticated, the IP model 

continues to play a crucial role in the development of assistive 

exoskeletons designed to support and enhance human 

movement, especially for those with mobility impairments 

[9]. 

Within IP, there exist two equilibrium points, one stable 

position, and one unstable position. Consequently, 

controlling IP entails two objectives: swinging the pendulum 

to the upright position and maintaining this position. The 

primary challenge has been to maintain the upright position 

using a continuous feedback signal that can stabilize the 

pendulum around the unstable equilibrium, until recent 

advancements [10][11]. 

To address these control objectives, various control 

techniques have been applied to IP, including PID adaptive 

control [12], energy-based control [13][14], fuzzy control 

[15], neural network control [2], and quadratic linear 

regulator [11]-[16]. Additionally, a sliding mode control 

(SMC) approach has been employed to meet the necessary 

robustness performance [17]. SMC has been utilized for IP 

due to its established stability conditions and robustness [18]-

[20]. 

While many control methods have demonstrated stable 

and accurate performance, employing LQR control is also a 

rational choice, particularly for optimizing control 

performance. Building upon the research topic of LQG 

Pendubot [21], the authors successfully refined a model of an 

IP on a cart using LQR control, achieving stable and precise 

positioning while effectively handling system disturbances 

and uncertainties. 

II. MATERIAL AND METHOD 

A. Physical Model without DC motor  

The proposed physical model comprises a cart of mass 𝑀 

propelled by an applied force 𝐹 acting along the x-axis (see 

Error! Reference source not found.). A rod attached at the 

center of the cart is uniform and its mass is m. The rod is 

pivoted at one end, with its moment of inertia about the pivot 

point denoted as J. Positioned at a distance l from the pivot 

point is the center-of-mass of the rod. The cart and rod 

experience viscous friction, characterized by 𝑏𝑥 and 𝑏𝜃 

respectively. The input of the system is force 𝐹, while the 

outputs are cart position 𝑥 and rod angle 𝜃. Lagrange’s 

equations serve as a well-established and valuable tool for 

analyzing mechanical systems. The Lagrangian is defined as 

𝐿 =  𝑇 −  𝑉, where T represents the kinetic energy and 𝑉 

denotes the potential energy of the system. With generalized 

coordinates x and θ, the Lagrange’s equations for the system 

can be expressed as: 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑥̇
) −

𝜕𝐿

𝜕𝑥
= 𝐹 − 𝑏𝑥𝑥̇ (1) 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝜃̇
) −

𝜕𝐿

𝜕𝜃
= −𝑏𝜃𝜃̇ (2) 

The system's kinetic energy aggregates the kinetic 

energies of both cart and rod. Specifically, the cart's kinetic 

energy arises solely from its horizontal displacement, 

whereas the rod's kinetic energy stems from horizontal, 
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vertical, and angular displacements. Notably, the horizontal 

and vertical center of mass positions of the rod are defined as 

𝑥_𝑚𝑒𝑡𝑒𝑟 = 𝑥 + 𝑙 𝑠𝑖𝑛( 𝜃) and 𝑦_𝑚𝑒𝑡𝑒𝑟 = 𝑙 𝑐𝑜𝑠( 𝜃) 

respectively. The total kinetic energy of the system is 

represented by: 

𝑇 =
1

2
𝑚(𝑥̇𝑚

2 + 𝑦̇𝑚
2 ) +

1

2
𝐽𝜃̇2 +

1

2
𝑀𝑥̇2 (3) 

𝑇 =
1

2
𝑚(𝑥̇2 + 2𝐶1𝜃̇ 𝑐𝑜𝑠 𝜃 𝑥̇ + 𝑙2𝜃̇2) +

1

2
𝐽𝜃̇2 +

1

2
𝑀𝑥̇2 (4) 

With a homogeneous rod of length l, mass m, and pivoted at 

one end, a moment of inertia is calculated by [22] as: 

𝐽 =
1

3
𝑚𝑙2 (5) 

 The potential energy solely manifests as the potential 

energy of the pendulum, as the cart moves horizontally along 

the x-axis, rendering the potential energy of the cart null. 

𝑉 = 𝑚𝑔𝑙 𝑐𝑜𝑠 𝜃 (6) 

Lagrangian equation (𝐿 =  𝑇 −  𝑉) of the system is 

presented as 

𝐿 =
1

2
𝑚(𝑥̇2 + 2𝐶1𝜃̇ 𝑐𝑜𝑠 𝜃 𝑥̇ + 𝑙2𝜃̇2) 

+
1

2
𝐽𝜃̇2 +

1

2
𝑀𝑥̇2 − 𝑚𝑔𝐶1 𝑐𝑜𝑠 𝜃 

(7) 

 Solutions to Lagrange’s equations (1) and (2) consist of 

nonlinear differential equations 

(𝑀 + 𝑚)𝑥̈ + (𝑚𝑙 𝑐𝑜𝑠 𝜃)𝜃̈ − 𝑚𝑙𝜃̇2 𝑠𝑖𝑛 𝜃 = 𝐹 − 𝑏𝑥𝑥̇ (8) 

(𝑚𝑙 𝑐𝑜𝑠 𝜃)𝑥̈ + (𝐽 + 𝑚𝑙2)𝜃̈ − 𝑚𝑔𝑙 𝑠𝑖𝑛 𝜃 = −𝑏𝜃𝜃̇ (9) 

B. Model with a DC motor 

A DC motor featuring a constant field serves as a 

propellant for cart movement. The motor is activated through 

input voltage, denoted as 𝑢, to its armature terminal. Utilizing 

a wheel with a radius of r, the motor exerts a force to drive 

the cart, denoted as 𝐹 = 𝜏1/𝑅. With 𝜏 being formed by the 

rotor's moment of inertia 𝐽𝑚, engine viscous friction 𝐵, motor 

torque constant 𝐾𝑡, pulley radius 𝑅, and the armature current 

𝑖. 

𝜏1 = −𝐽𝑚 (
𝑥̈

𝑅
) − 𝐵 (

𝑥̇

𝑅
) + 𝐾𝑡𝑖 (10) 

Whereas 𝑖 is calculated as follows, encompassing 

components such as motor supply voltage 𝑒, counter-

electromotive force 𝐾𝑏𝜔, and motor resistance 𝑅𝑚: 

𝑖 =
𝑒 − 𝐾𝑏𝜔

𝑅𝑚

 (11) 

Utilizing the Euler-Lagrange equation and employing 

MATLAB software enables the determination of the 

nonlinear equation of the system. 

𝑥̈ =
𝑙2𝑚 [𝛼1𝜃̇2 + 𝑥̇𝛼2 −

𝐾𝑡
𝑅𝑚

𝑒] − 𝛼3(𝑏𝜃𝜃̇ − 𝑔𝛼1)

𝑙2𝑚𝛼4 − 𝛼3
2  (12) 

𝜃̈ =
−(𝑏𝜃𝜃̇ − 𝑔𝛼1)𝛼4 − 𝛼3 [𝛼1𝜃̇2 + 𝑥̇𝛼2 −

𝐾𝑡
𝑅𝑚

𝑒]

𝑙2𝑚𝛼4 − 𝛼3
2  (13) 

where 
𝛼1 = 𝑚𝑙 𝑠𝑖𝑛 𝜃; 𝛼2 = 𝑏𝑥 +

𝐵

𝑅
+

𝐾𝑡2

𝑅𝑚𝑅
; 𝛼3 = 𝑚𝑙 𝑐𝑜𝑠 𝜃; 

𝛼4 = 𝑀 + 𝑚 +
𝐽𝑚

𝑅
. Parameters utilized in Fig. 1 are described 

according to the specifications provided in Table 1. 

 

 

Fig. 1. Pendulum on a cart. Upward position (left). Downward position 

(right) [23] 

Table 1. Parameters of the system 

Parameter Description 

𝑀 Mass of cart (𝑘𝑔) 

𝑚 Mass of pendulum (𝑘𝑔) 

𝑙 Length of pendulum’s center of mass (𝑚) 

𝑅 The radius of the pulley (𝑚) 

𝐵 Engine viscous friction (N.s/m) 

𝑏𝑥 The coefficient of friction of the cart and track 

𝑏𝜃 The coefficient of friction of the pendulum rod 

𝐽𝑚 Rotor's moment of inertia (𝑘𝑔. 𝑚2) 

𝑅𝑚 Rotor's armature resistance (𝛺) 

𝑞 Pendulum’s angle - theta (𝑟𝑎𝑑) 

𝑥 The vehicle's horizontal displacement. (𝑚) 

𝑔 Acceleration due to gravity (𝑚/𝑠2) 

C. Examination of the system controllability 

Before formulating control and filtering strategies for a 

linear system, it is imperative to evaluate the controllability 

and observability of the system. This typically involves 

linearizing nonlinear equations around the system's operating 

point. In the present scenario, the control is set to the TOP 

position (𝑥 = 0; 𝜃 = 0), as illustrated in Fig. 2. 

 

 

Fig. 2. Top Position of the Cart-Pole System 

The Linear System is presented as follows: 

𝑥̇ = 𝐴𝑥 + 𝐵𝑢 (14) 

In a stable system, the state variables of the system will 

approach zero: 

𝑥 = [𝑥1 𝑥2 𝑥3 𝑥4]𝑇 = [𝑥 𝑥̇ 𝜃 𝜃̇]𝑇 (15) 

Matrices A and B are derived from the linearizing system 

around the operating point, yielding: 

𝐴 = [

0 1 0 0
0 -28.4804 1.0062 0
0 0 0 1
0 -178.6392 67.8428 -0.0023

] 𝐵 = [

0
1.2203

0
7.6539

] 
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 In order to simulate the LQR controller on a discrete-time 

system, we employed the c2d (A, B, sample time) command 

within the MATLAB application. This command facilitated 

the conversion of the controller to a discrete-time 

representation. Here, A and B represent linearization 

matrices, while sample time denotes the sampling time of the 

simulation. The presentation of the controllability matrix is 

stated as equation (16). 

℘ = [𝐵 𝐴𝐵 𝐴2𝐵 𝐴3𝐵] (16) 

Utilizing matrices, A and B should the rank of the 

controllability matrix, designated as (16), match the number 

of state variables, it indicates the controllability of the system. 

This assessment allows for the design of a controller for a 

linearized system: 

℘ = [

0.0002 0.0005 0.0006 0.0007
0.0186 0.0106 0.0060 0.0035
0.0013 0.0031 0.0042 0.0050
0.1173 0.0696 0.0457 0.0355

] 

Hence, according to the controllability matrix (16), with 

𝑟𝑎𝑛𝑘(℘) = 4, we infer the controllability of the system. 

III. SIMULATION 

A. Proceeding with simulation using an identity matrix 

To gauge the effectiveness of optimizing parameters 

using the LQR algorithm, we turn to MATLAB/SIMULINK 

software for simulation. Through meticulous mathematical 

modeling, we ensure an accurate reflection of real-world 

scenarios, enabling us to assess how well the LQR algorithm 

adapts via objective functions. Besides, we compute optimal 

functions for fine-tuned parameters, where smaller values 

denote superior adaptability and reliability, essential for 

intuitive simulations. Furthermore, we fuse this LQR 

algorithm with optimized parameters into our experimental 

model, shedding light on the intelligence swarm's quest 

capabilities. Simulations run for 10s, with a system sampling 

time of 0.02s. The main parameters are listed below: 

Table 2. Parameters used in the system 

Parameter Unit 

𝑀 = 0.19008 (kg) 

𝑚 = 0.084 (kg) 

𝑙 = 0.082 (m) 

𝑅𝑚= 0.31258 (𝛺) 

𝑅 = 0.00625 (m) 

𝑘𝑡= 0.096843 (𝑁. 𝑚/𝐴) 

𝐽𝑚= 0.00039884 (𝑘𝑔. 𝑚2) 

𝐵 = 0.0058983 (𝑁. 𝑠/𝑚) 

𝑏𝑥= 1.4867 () 

𝑏𝜃= 1.3663e-06 () 

 

Fig. 3 depicts the simulation model with the LQR 

controller. Blocks (1), (2), and (3) collectively form an 

integrated system for analyzing and controlling the pendulum 

model. Block (1) functions as a data-gathering component, 

facilitating the comparison of different cases with varying K 

values. Block (2) simulates the pendulum model, producing 

outputs such as the cart position and pendulum angle. Finally, 

block (3) takes the output from block (2) as a control signal, 

simultaneously combining these signals into a virtual vector 

to be fed into matrix K, which is computed by employing 

matrices A and B to calculate for a linear quadratic state 

feedback regulator for the discrete-time state-space system. 

 

 

Fig. 3. Cart-Pole system 

LQR algorithm aids in the determination of value for 𝐾 =
[𝐾1 𝐾2 𝐾3 𝐾4]. To identify appropriate K, one needs to 

initiate the search for parameters of Q and R matrices and 

commence experimentation starting with the identity matrix: 

𝑄 = [

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

] ; 𝑅 = 1 

 

Upon reviewing Fig. 4, it demonstrates that control input 

(u) remains positive for the majority of the time, indicating 

that the system is supplying energy to the vehicle for motion. 

Control input gradually decreases over time, suggesting that 

the system is adjusting to maintain equilibrium. 

 

Fig. 4. The system's input and output with the identity matrix 

The position of the vehicle (x) oscillates around the 

equilibrium position with an amplitude diminishing over 

time. This indicates system brings the vehicle back to its 

equilibrium position. Similarly, the pendulum angle (theta) 

also fluctuates around the equilibrium position, with its 

https://www.thesaurus.com/browse/application
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amplitude gradually diminishing over time. This illustrates 

the system's role in stabilizing the pendulum angle. 

B. Optimizing control quality based on variations in Q1 

and Q3 

Based on the identity matrix, we adjusted the diagonal 

matrix with parameters named 𝑄1, 𝑄2, 𝑄3 and 𝑄4, 

sequentially. The authorial team has selected four parameter 

adjustment scenarios for 𝑄1 and 𝑄3 of matrix 𝑄 as follows: 

• Case a: 𝑄1 = 0.1 , 𝑄3 = 100, depicted by a green-colored 

line. 

• Case b: 𝑄1 = 100, 𝑄3 = 0.1, depicted by a blue-colored 

line. 

• Case c: 𝑄1 = 500, 𝑄3 = 50, depicted by a red-colored 

line. 

• Case d: 𝑄1 = 4500, 𝑄3 = 500, depicted by a yellow-

colored line. 

Control signals are presented in Fig. 5 to Fig. 7. 

  

Fig. 5. Control signals u with Q variation 

 

Fig. 6. Cart position signals (x) with Q variation 

 

Fig. 7. Pendulum angle signals (theta) with Q variation 

In case A, the longest settling time is observed, 

significantly surpassing that of the other three cases, as in Fig. 

6, indicating the slowest attainment of the target position 

compared to other scenarios. However, overshoot is notably 

lower compared to the remaining three cases, readily 

observable in Fig. 7. Relatively high control energy 

consumption, denoted by u, is attributed to a substantially 

large settling time approaching zero, necessitating 

considerable energy to swiftly bring the system to its target 

position. 

For case D, upon inspecting Fig. 5, shortest settling time 

and fastest approach to equilibrium position among all four 

cases are evident. Moreover, this case exhibits the highest 

overshoot among the four, as prominently illustrated in Fig. 

6. Control energy consumption for case D in Fig. 5 is 

relatively low due to the short settling time, although the 

system is prone to instability owing to high overshoot. Upon 

scrutinizing Fig. 6 and Fig. 7 for the remaining two cases, it 

is apparent that systems are controllable due to acceptable 

settling time and overshoot levels. 

 From these observations, a tentative conclusion can be 

drawn that both 𝑄1 and 𝑄3 exert significant influences on the 

system. If 𝑄1 surpasses 𝑄3, the control system tends to settle 

faster but with higher overshoot and energy consumption, 

potentially leading to instability. Conversely, a larger 𝑄3 

relative to 𝑄1 results in a longer settling time, yet with 

reduced energy consumption, thus facilitating energy 

conservation. 

C. Improving control quality by adjusting R 

The research team chose 4 scenarios for adjusting the 

matrix 𝑅, following the color conventions outlined in Section 

B above: 

• Case a: 𝑅 = 0.01 

• Case b: 𝑅 = 0.1 

• Case c: 𝑅 = 10 

• Case d: 𝑅 = 5 

The results of collected control signals are as follows can be 

seen in Fig. 8: 

 

 

Fig. 8. Control signals u with R variation 

For both cases A and B, representing very small values of 

R, a remarkably rapid settling time is evident alongside 

significantly higher overshoot compared to the remaining two 

cases, prominently demonstrated in Fig. 10. Cases C and D, 

on the other hand, representing higher values of R, exhibit 

longer settling times and lower overshoots than the other two 
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cases, indicating reduced energy consumption. Additionally, 

upon examining Fig. 9, it is noted that the settling time of case 

D is faster compared to case C, albeit with a slightly higher 

overshoot, which is insignificantly consequential. This serves 

as evidence that this scenario is the most stable, with energy 

consumption at an acceptable level. Furthermore, a general 

conclusion can be drawn regarding the impact of varying the 

R matrix on system stability, specifically that reducing R 

leads to decreased energy consumption, and vice versa. 

 

 

Fig. 9. Cart position signals (x) with R variation 

 

Fig. 10. Pendulum angle signals (theta) with R variation 

IV. EXPERIMENT 

The cart-pole system has been meticulously engineered to 

implement the research algorithm. Model components are 

constructed according to segmented parts illustrated in Fig. 

11, encompassing: 

1. H-Bridge MKS H3615NS. 

2. USB To TTL CH340G Converter Module Adapter. 

3. ST-LINK V2 STM8/STM32 Simulator. 

4. 220 VAC - 24 VDC power supply converter. 

5. STM32F407VET6 black board. 

6. Encoder sensor for the cart with 2500 pulses. 

7. Encoder sensor for the pendulum with 2500 pulses. 

8. Servo Motors NF5475. 

 

 

Fig. 11. Finalization of the Cart-Pole Model's Hardware 

We select to compare the three most stable operational 

scenarios as depicted in the simulation section, with three 

cases of varying R and Q selected as follows: 

𝑄 = [

4500 0 0 0
0 1 0 0
0 0 500 0
0 0 0 1

] and {

𝑅1 = 1
𝑅2 = 5

𝑅3 = 10
 

 

Values of K calculated from selected Q and R matrices 

above are presented in Table 3. It illustrates experimental 

findings derived from acquired parameters: 

Table 3. Matrices K are computed based on simulation. 

Parameter 𝑲𝟏 𝑲𝟐 𝑲𝟑 𝑲𝟒 

𝐿𝑄𝑅_1 -50.2 -53.1 69.8 6 

𝐿𝑄𝑅_2 -23.4 -47 61.2 5.3 

𝐿𝑄𝑅_3 -16.7 -45.6 59.3 5.2 

 

Fig. 12 depicts plots of the system's three input 

parameters. Fig. 13 and Fig. 14 illustrate plots of three output 

parameters of x and theta, it is observed that all three LQR 

control parameters contribute to stabilizing the system, with 

state variables oscillating around position 0. However, in Fig. 

16, both state variables x and theta oscillate closer to position 

0 compared to plots in Fig. 15 and Fig. 17, indicating that 

evaluating the system's adaptability with control parameters 

in Fig. 16 with K matrix values reflecting the effectiveness of 

control based on carefully tuned Q and R matrices derived 

from the author's experience. 
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Fig. 12. 𝑈 signal input from experiments 

 

Fig. 13. 𝑋 signal output from experiments 

 

Fig. 14. Theta signal output 

 

Fig. 15. 𝑋 and Theta states under LQR_1 controller's output 

 

Fig. 16. 𝑋 and Theta states under LQR_2 controller's output 

 

Fig. 17. 𝑋 and Theta states under LQR_3 controller's output 

Thence, the investigation into individual components 𝑄1, 

𝑄2, 𝑄3, and 𝑄4 of weighting matrix Q has shed light on their 

distinct roles in shaping the behavior of the system. 

Specifically, component 𝑄1 affects the stability of the cart's 

position. Component 𝑄2 influences the cart's velocity. 

Component 𝑄3 affects stability around the equilibrium 

position of the pendulum. Component 𝑄4 impacts the 

pendulum's angular velocity and control effort. Additionally, 

the size of matrix R plays a crucial role; a large R slows down 

and stabilizes output voltage, while a small R tends to induce 

oscillations. 

V. CONCLUSION 

This survey has provided a comprehensive analysis of the 

experimental LQR applied to the cart and pole system. One 

significant finding is the profound impact of matrices A and 

B, representing the state and control variables respectively, 

on the computation of the feedback gain matrix K. These 

matrices fundamentally define the dynamics of the system 

and directly influence the stability and performance of the 

LQR controller. By understanding the intricate interplay 

between these parameters, researchers can optimize the 

design of LQR controllers for cart and pole systems, 

balancing performance metrics such as stability, tracking 

accuracy, and energy efficiency. This deeper comprehension 

opens avenues for further exploration and refinement of 
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control strategies, ultimately advancing the effectiveness and 

applicability of LQR techniques in real-world scenarios. Plus, 

the model in this survey is proved to be an experimental 

training system for the control laboratory.  
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