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Abstract—Rotary inverted pendulum (RIP) is a
fundamental yet challenging benchmark system in control
engineering due to its nonlinear dynamics, instability, and
underactuated nature. This study addresses the problem of
trajectory tracking control for RIP, which is critical for
ensuring system stability and accurate motion control in
various  engineering applications. Simulation results
demonstrate that the backstepping approach achieves superior
performance in terms of tracking accuracy, robustness, and
convergence speed compared to traditional methods. The
findings emphasize the effectiveness of backstepping in
addressing control challenges in nonlinear systems, offering
insights for future research in both theoretical advancements
and real-world applications.

Keywords—Rotary Inverted Pendulum; STM32F4; Back-
stepping Control

L INTRODUCTION

RIP is a classic example of a nonlinear and
underactuated system [ 1] that poses significant challenges in
control engineering. As a benchmark for evaluating control
strategies, it is widely used in both academic research and
practical applications. The dynamics of RIP are inherently
unstable, making trajectory tracking a complex task that
requires sophisticated control techniques [2].

In recent years, various control methods have been
proposed to achieve accurate trajectory tracking for this
system, including LQR control, fuzzy logic control, and
sliding mode control. Among these methods, the
backstepping technique has gained prominence due to its
systematic design process and capability to handle the
nonlinear nature of the system effectively [3]. Backstepping
control allows for a step-by-step stabilization of the system
by breaking down the control problem into manageable
subproblems, ultimately leading to enhanced performance in
trajectory tracking tasks [4].

This survey aims to review and analyze the existing
literature on trajectory tracking control RIP using the
backstepping method. By compiling various approaches,
methodologies, and experimental results, this paper provides
insights into the effectiveness and applicability of

backstepping control in achieving precise trajectory tracking
[5]. Furthermore, the challenges and future directions in this
area of research are discussed, highlighting the potential for
further advancements in control strategies for complex
nonlinear systems [6]. The state-of-the-art control strategies
for RIP emphasize robustness and precision, yet many
approaches face challenges in addressing the nonlinear and
unstable dynamics comprehensively. The novelty of this
research lies in its focus on backstepping control, which
offers a systematic and recursive approach to stabilization
and trajectory tracking. Unlike other methods, backstepping
provides a structured mechanism to design controllers for
nonlinear systems, enabling superior tracking performance
under various conditions. The primary contribution of this
study is its consolidation of existing work on backstepping
control for RIP, providing valuable insights into its
theoretical ~ foundations, practical applications, and
performance metrics. Furthermore, the paper identifies
potential challenges and proposes future directions to
enhance control strategies, making it a significant addition
to the literature on nonlinear system control.

II. MATHEMATICAL MODEL

RIP is illustrated in Fig. | consisting of two main links.
The first link represents the pendulum, while the second link
corresponds to the arm. The angles of the pendulum and arm
are denoted by a and B, respectively.

The Motor parameters related to the model are provided
in Table 1.

Penduhun

Fig. 1. Modeling the system
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Total kinetic energy of system is [7]:
Combining (6), (7), (8), we have the kinetic equations of

N T the RIP: [7
Kzz]rﬂ2+§]pd2+§mp € [7]
{erﬁ‘z'i-%ltpz(ﬁ'z_ﬂ.z COS2 (X)} (1) D(“;B)(“;ﬂ)+C(a,a.,3.,3)(a,ﬁ)+G(a,,B) (9)
=v
- ELTmep[?Zd cos a
Where
Total potential energy of system is [7]: L )
2 _ 2
V =my,gL,(1— cos a) 2) my, Ly, + 4mpr
—-myL,L, cosa 1 ) )
Lagrangian operator is: D(a,B) = 2 2 my Ly, cos® a :
+/ + ks
L=K-V 3) 1 1
<]p + Zmpr> —3MplLply cosa

By Euler- Lagrange method, dynamic equations of C(a, 0'(,,8,,[?)

system are: 1
1 LL si . (— m,L?, sina cos a) @
9 (9L\ oL . _ MR sina)@ A2 _
—N\—= )= = +B, +k :
- T—B.p 4) T 2
ot\gp) 9B 1 .
B, _Zm”sz cos a sin a B?
d (0L oL G(a, B) = [1 p = [kle]
—|==]—5—= —B,d 5 ’ — i ’
ot <8a) 9a = " ®) > Mplpg sin(a) 0
Solve (4) and (5), the dynamic equations of the System parameters are shown in Table 2:

pendulum areobtained as:
Table 2. Parameters of system

1 1 ..
2 2 2 -
(mer + Zmpr - Zmpr cos® a + ]r) B No r}::t'zlr Description Unit Value
1 . 1 m Mass of pendul K 0.027
. 2 . . » pendulum g .
- EmPLPLT cosa.a+ 2 mply” sinacosa.fa (©) 2 L, Length of pendulum m 0.328
: . Inertial moment of
+-myL,L, sina.a? =1 —B.f 3 Jp pendulum Kgm 00046617
2 4 L, Length ofarm m 0.205
5 I Inertial moment of Kg.m 0.0019
arm
1 .. 1 5\ - 6 Gravitation m/s? 9.81
- EmprLr cosa.p+\/p+ ZmpL p|& 9 acceleration ’
7 B, Friction of arm NA 0.0017
— Z mpsz cosasina. ﬁz — E-ranpg sina 8 B, Friction of pendulum NA =0

= ~Bpa We assume that [7]:

The control signal is converted from the torque of the
DC motor to the voltage applied to the DC servo motor
using the formula:

sina=a;sinfi = f;cosa =cosff =1

Defining the state variables as:

T=—ksff — ko8 + kqe (8) X, =%, =a,x3=B,%x, =P

X = [x1 Xz X3 X4]T;y = [Xl X3]T
where k; = :—t;kz =Cp +;(_th;k3 =Jm
m m The system in state space equation: [7]

These parameters are listed in Table 1:

x =Ax + Be;y = Cx (10)
Table 1. Motor parameters
L, (H) 0.1748
K, (V/(rad/ sec)) 0.0529 0 1 0 0 0
R,(2) 11.7320 A= az1 Qzz Q23 Qp4 ‘B = b, (11)
T(N.m) 0.0015 —|o 0 0 1’710
Jm(kg.m?) 0.0198 Ay Quy Q43 Ggy b,
Co ((N.m/(rad/sec()))) 3.7649¢-05
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where:
_ dd _ dd _ ad _ dd
azy = ax'l"azz = axg' Qz3 = 63{3"124 = a){ft'
0p 0p B op
Ap1 = 5 Qup = 55043 = 71 Qaa = 55
0xy Jdx, 0x; 0x,
aa ap
27 9e’ T Be

From (6) to (9) operators ¢, S are found and then
substituted into (11) to estimate matrix A and B in (12).

0 1 0 0
A= 47.1570 -—-0.1086 0 —0.6303],
0 0 1 1 ’
14.1057 -0.0325 0 -—0.8279
0 (12)
1.4698
B= 0
1.9306

III.  BACKSTEPPING CONTROLLER

In the context of backstepping control, the initial step
involves defining a stabilizing variable and ensuring partial
stability for the first subsystem through Lyapunov's stability
theory. This establishes the groundwork for the recursive
design approach.

Step 1: The new control variable is defined as: [7]

Zy = X1 — k1X3 (13)
Where k, is design constant
Zy =Xy — kX3 = X5 — KXy (14)

A positive definite Lyapunov function is chosen as
follows:

V1=Zzl/2>0 (15)

According to the Lyapunov criteria, an appropriate
stabilizing function should be selected to determine the
desired value of the virtual input for the first subsystem to
satisfy:

Vi =—cz2<0 (16)
We obtain the stabilizing function:
ay =kixy — 124 (17)
Where c; is a designed positive constant.
Next, we focus on refining the control law by
introducing additional stabilizing variables for the

subsequent subsystems, ensuring that the entire system
moves toward achieving global stability and overall
performance objectives.

Step 2: The corresponding error variable is defined as
follows:

(18)

Zy =Xy — g

ZZ = .7.C2 + C]_Z‘l - k13k4 (19)
By substituting equation (10) into equation (18), we
obtain:

Zy = (A1%1 + Az2X; + Ag3X3 + Az4Xy + Ds€)
+e121 — k1 (@a1%1 + QaoXp + Ay3X3 + Agaxy (20)
+ b,e)

By substituting equation (13) into equation (19) , we
obtain

Zy = (A1 — k1ag1)x1 + (a2 — kiag;)x;

+(az3 — k1a43)x3 + (az4 — k1Gaq — C1k1)%4 (21)
+ (by — kiby)e
We set:
di = (az; — k1a41);dy = (azz — k1@ay + ¢1);
d3 = (g3 = k1G43); da = (@2a — K1@aa + C1k1); (22)
ds = (by — kyb,)
So Z, can be rewritten as:
22 == d1x1 + dez + d3X3 + d4_x4 + dse (23)
Analyzing the stability of the system, we find:
V, = (2} +23)/2 (24)
From equation (13) and equation (14), we have:
2y =2y — 173 (25)
Derivative (24):
Vz = 2121 + Zzz.z (26)

By substituting equation (25) into equation (26) into, we
obtain:

Vo = 21(2, — 121) + 238, = =128 + 2,(z + 2,)  (27)
To ensure that V, is negative definite, the desired
dynamics of z, can be expressed as:

Zy = —Z1 — CZ, (28)

Where c, is designed positive constant
Replacing (13), (18) and (23) into (28), we have the
control law as below:

(_xl + k1X3) +
Xy + 4
% c1(xg — kyx3) — k1x4] ~ Lz i
ds

(29)
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where ¢y, ¢,, c3 are chosen by trial-and-error test and listed

in Table 3:

Table 3. Parameters of back-stepping control

(51
99.1100

C2 C3
95.7100  0.0190

Iv.

In this study, backstepping controller is implemented to
stabilize and control RIP, which is a nonlinear system
characterized by complex dynamics between pendulum and
its supporting base. Simulations and experimental trials are

SIMULATION AND EXPERIMENT

conducted to verify feasibility, accuracy, and performance
of the controller [8]. Results enable comparisons with
alternative control strategies and provide an assessment of
their respective advantages and disadvantages under real-
world operating conditions [9].

A. Simulation result:

In the simulation section, we will re-model the system
using MATLAB Simulink [10]. We will simulate RIP with
the backstepping controller as follow:

5

o = J
. =

Fig. 2. The embedded program which is created by MATLAB/Simulink blocks for STM32F4

Description of blocks in Fig. 2:

1-  Block that registers Waijung blockset
2-  Block that registers UART

3-  Block control position of the arm

4-  Block control position of the pendulum

According to Fig. 3 and Fig. 4, the simulated

5-  The block transfers signal to control the motor speed and rotation
direction when receive output control signal of block the blacksteping
control

6-  Backstepping control

7- Block that collects data and transfers data to the computer

promising signal for proceeding to the experimental

backstepping controller yields fairly good results; although implementation of the actual controlle
there is still some error in trajectory tracking, it remains a
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Fig. 3. Trajectory Tracking Simulation
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Fig. 4. Non-Trajectory Tracking Simulation

B. Experiment result:

Fig. 5 is the
experimentation [9]:

In which:

1. 1-Pendulum rod.

2. 2-Arm.

3. 3-Pendulum encoder

(600 P/R).
=4 : 4. 4-Nisca NF5475E

motor.

5. 5-Arm encoder (600
P/R).

6. 6-STM32F407-DISC1
kit.

7. 7-HI216 bridge.
8. 8-12V —5A power
supply.

Fig. 5. RIP hardware model

Through MATLAB software, the experiments on the
real model following the square wave trajectory
demonstrated good performance (Fig. 6) with a small error
of approximately 1.3 and the signal appearing relatively
stable.

hardware model of RIP used for

Using MATLAB software, the experiments on the real
model tracking the zero point showed an error of only 0.5 (
Fig. 7), with the signal being quite stable and responding
well. After achieving satisfactory simulation results, we
proceeded to test the backstepping controller on the physical
model to verify its stability. Initially, we observed that the
alpha signal adhered to the trajectory of the square wave,
with an acceptable error margin. However, some noise still
persists, and we also noted that the signals obtained from the
physical experiments exhibit a relatively high degree of
similarity [11]. Therefore, we can conclude that the process
of system identification from the physical model to the
mathematical equations demonstrates a considerable level of
reliability. Regarding the zero tracking control, the feedback
signal, after a brief period, also successfully tracked zero,
although there remains a small, acceptable error [12].
According to the experimental results, we observe that
trajectory tracking leads to more stable and optimal control
of the model, thereby providing a basis for further
development of this algorithm in the future.
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Fig. 7. Zero Point Tracking Experiment

V. CONCLUSION

In this paper, we presented a comprehensive survey of
trajectory tracking control for RIP using the backstepping
method [13]. We analyzed various approaches to stabilizing
RIP while effectively tracking desired trajectories. The
backstepping technique demonstrates significant advantages
in managing the inherent instability of the system [14]. We
reviewed multiple control strategies and their performance
metrics, highlighting their strengths and weaknesses. Our
findings indicate that backstepping control not only
enhances system stability but also improves tracking
accuracy compared to traditional methods [15]. Future work

will focus on refining these control strategies [16] and
exploring their applicability in more complex dynamic
environments [17].

In addition to the theoretical analysis, we also observed
the performance of the backstepping method through
simulations and experimental implementations. Simulation
results indicate that the backstepping controller significantly
reduces trajectory tracking error and ensures faster
convergence when compared to traditional control
techniques such as PID and LQR [18]. Specifically, the
controller exhibits better robustness against external
disturbances and system uncertainties, which are common in
real-world applications. Experimental results further
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corroborate these findings, demonstrating that the
backstepping method can achieve stable and precise
trajectory tracking in practical scenarios. In tests, the RIP
system successfully followed predefined trajectories,
maintaining stability even in the presence of external
perturbations and parameter variations. These results
highlight the practical viability of backstepping control for
real-time applications. The findings from both simulations
and experiments confirm the effectiveness of the
backstepping method in trajectory tracking for the RIP.
Moving forward, future work will focus on optimizing
controller design for improved efficiency and robustness.
Additionally, exploring adaptive and learning-based
techniques could enhance the backstepping controller’s
performance in more dynamic and uncertain environments.
These advancements will pave the way for more
sophisticated control strategies for nonlinear and
underactuated systems in practical applications.
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