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Abstract—This paper proposes an Adaptive Model
Predictive Control (MPC) approach for the rotary inverted
pendulum (RIP). The method combines Linear Time-Varying
(LTV) models at each sampling instant with a Linear Time-
Varying Kalman Filter (LTVKF) for state estimation. By
predicting and adapting to dynamic system changes, the
controller achieves trajectory tracking performance
comparable to non-adaptive MPC. However, the Adaptive MPC
extends the arm’s operating range by up to 1.5 times, making it
a promising solution for strongly nonlinear or time-varying
systems like the RIP.

Keywords—Rotary Inverted Pendulum; Adaptive Control;
Model Predictive Control; Kalman Filter; Linear Time-varying

I.  INTRODUCTION

RIP is a representative model in control theory, widely
studied due to its strong nonlinearity [ 1], inherent instability,
and practical applications in robotics [2][3]. Controlling this
system requires advanced control methods capable of
handling rapid dynamic changes and maintaining stability
under various operating conditions.

Optimal control methods have always been a focus of
researchers and have high applicability, such as Linear
Quadratic Regulator (LQR) control [4], Linear Quadratic
Gaussian (LQG) control [5] and the classical Euler-Lagrange
variable method [6]. Among them, MPC is regarded as one
of the optimal control methods due to its ability to control
nonlinear systems in real-time and handle control constraints
configured by the designer [7]. As a result, MPC has been
widely applied in practice, such as in aircraft control [8],
control of longitudinal flight dynamics of a fixed-wing
UAV[9], oxygen stoichiometry control [10]. However,
traditional MPC methods often rely on a linearized model at
a fixed operating point, which limits the system's
adaptability, especially when the pendulum arm follows
reference signals with large amplitudes and rapid variations

[11]. This is because, for strongly nonlinear systems, the
system dynamics may no longer match the linearized
dynamics at the original operating point when the working
conditions deviate significantly. This limitation can lead to
degraded performance when the system operates outside the
valid range of the linearized model.

In practice, several studies have been conducted to
address this issue, such as using Nonlinear MPC for swing-
up and control of RIP [12], The advantage of this control
method is that it can handle the system from any initial
position. However, it requires high-performance hardware
and involves complex algorithms to solve the non-convex
optimization problem. Another approach is Gain-Scheduled
MPC [13], which allows the design of multiple MPC
controllers with different configurations, such as sampling
time, prediction horizon, control horizon, and control
weighting factors. While this method provides flexibility, its
main drawback is that the number of controllers is finite, and
careful selection is required for each operating condition.

Therefore, to effectively overcome nonlinear systems'
control challenges, this paper proposes an adaptive MPC for
RIP. Continuously updating the predictive model at each
sampling instant enhances control performance and extends
the operating range of the RIP system. The advantage of this
controller is that it requires designing only a single controller
offline, involves less run-time computational effort, has a
smaller memory footprint, and is more robust to real-life
changes in system conditions [14].

In [11], the authors provided a detailed explanation of the
system variables, modeled the RIP system, and designed the
non-adaptive MPC controller. In [15], they further discussed
the parameter selection method for the Kalman filter used in
the non-adaptive MPC controller and applied the same filter
to the LQG controller to compare the control performance of
non-adaptive MPC, LQG, and LQR. However, in both
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studies, the controllers were designed to perform well only
around the operating point, as they were based on a linearized
model at that point.

In this paper, the proposed approach builds upon the
previously designed MPC controller by incorporating the
LTV plants method and designing the LTVKF state
estimator. The implementation results are simulated using
MATLAB/Simulink.

II. MODELLING

RIP consists of an arm and a pendulum, with a DC motor
mounted at the end of the arm. The pendulum is always stable
in the downward position but unstable in the upright position.
Therefore, the objective is to design a controller to keep the
pendulum upright and move the arm along a predefined
trajectory. The model structure is shown in Fig. 1, For details,
a reader can be referred to [11].

Fig. 1. RIP Structure

III. DESIGN OF ADAPTIVE MPC CONTROLLER

The structure of the adaptive MPC controller applied to
RIP is illustrated in Fig. 2.
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Fig. 2. Structure of Adaptive MPC Controller

To design an Adaptive MPC controller, the steps are listed
from part A to part C

A. LTV Plant Configuration

By applying the Euler-Lagrange dynamic equations to
describe the dynamics of the RIP and considering that a DC
motor is used to generate the control force for the arm, it is
necessary to combine two mathematical models: the DC
motor and the RIP system. In [11], the authors modeled RIP
under consideration.

To obtain the state-space equations at each operating
point, state matrices 4 and B must be determined at each
operating point and each sampling instant. The linearized
system results are presented in (1).

x = Ax + Bu
{ y=Cx M

where: a: Arm angle (rad); B: Pendulum angle (rad); V;,:

Control voltage v); x=[a a g BI"'=
(X1 X2 X3 X" =[fi fo f3 fal"s u="Vi;
Matrices A and B are listed in (2)
Oh 0L U Y o
0x; O0x, O0Ox3 0x, u
0 0f2 0f2 0f of;
o0x, 0x, 0x3 0x, ou
A= B =
o Ofs 0 O o @
dx, 0x, O0x3 O0x, ou
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0, 0x, Ox3 Ox,dl F0u -y,
10 0 0
C_[O 0 1 0]
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State-space equation (1) It is in the continuous domain.
To convert it into the discrete domain, the matrix exponential
discretization method will be applied from equation (3) to
equation (8) [16]:
The general solution of the differential equation (1)
can be expressed as:

x(t) = e4tx(0) + fteA(t‘T)Bu(r)dr (3)
0

Based on the general solution (3) of the continuous-time
system, we obtain (4) and (5).

Ay = e4Ts @)

Ts
B; = (f eACTd‘L')B 5)
0

In (6), we rewrite the exponential function of the extended
matrix

A B
M= e[o o]TS (6)
From (6), discrete-time matrices are obtained:

Az = M(1:nx, 1: nx) @)

By =M(1:n,,n,+ l:n,+ny,) ®)

Where:

e n,: It is the number of state variables of the system.

e n,: Itis the number of control variables of the system.
o T,: Itis the sampling time of the controller.

From this, the authors can summarize that to obtain Linear
Time-Varying (LTV) models at each sampling instant, the
system must be linearized at each sampling time using the
equation (2), and then converted from the continuous domain
to the discrete domain using equation (6) to equation (8).

B. Design of MPC control

To design an Adaptive MPC controller, an MPC
controller must first be designed at the initial operating point
[17], at x = 0; u = 0. This design was previously conducted
in [11],[15]. Here, the author revisits the controller
parameters as

- Sample time: Ts = 0.01s
- Prediction horizon: P = 50
- Control horizon: m =3
-1 0., _

- L, = [o 1],L5u =10
- Wi}’]l = 25;wl.3"2 =50
- Wil,tl = 0; WLA'{’L =
- S12<utk+i) <12
- Ssalk+ilk) <3
- pe =100
C. Design of the LTVKF State Estimator

Adaptive MPC utilizes a Kalman state estimator and
adjusts the gain matrices L and M at each sampling instant to
maintain consistency with the updated system model. The
computed results are presented in equation (9) to equation

(11) [17]:

-1

Ly = (AkPk|k—1C§1,k + N)(Cm,kpk|k—1crfl,k + R) 9)
-1

M, = Pk|k—1C;L,k(cgl,kpklk—lcrfz,k +R) (10)

Pesaie = APuii-14% = (AiPre—1Crrje + N) L,

o (an

Where:

e (,R,N: is computed as in the state estimation for MPC
by adjusting the measurement noise and process noise
values, which were previously derived by the author in
[15].

e Ay, Cp: These are the state-space matrices, determined
as previously in [15] but influenced by the model plant
updated over time at step £.

®  Pyk—1: is the covariance matrix of the state estimation
error at time &, based on time k — 1.

e Lpand M, are the updated Kalman filter gain matrices.

IV. RESULTS AND DISCUSSION

To evaluate the control performance of the Adaptive
MPC controller, the author will simulate two controllers: a
non-adaptive MPC designed in the previous study [15] and
Adaptive MPC. A simulation diagram of two controllers is
illustrated in Fig. 3.
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Fig. 3. Simulation Diagram of MPC and Adaptive MPC Controllers

Simulation results of MPC (orange line) and Adaptive
MPC controllers (blue line) with measurement noise in the
arm angle and pendulum angle, where the noise power is
[0.00000001] and the arm angle follows a reference signal
with f= 6 (rad), are presented in Fig. 4.
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Fig. 4. System response when tracking a step signal

The control performance is evaluated using the Root
Mean Square Error (RMSE) index, as presented in Table 1:

Table 1. System performance when tracking a step signal

Adaptive MPC  MPC

a(rad) 1.62 1.559
B(rad) 0.038 0.054
u(v) 3.289 2.604

From the simulation results in Fig. 4 and the control

performance in Table 1, we obtain

- For the arm angle, during the transient phase, the
Adaptive MPC controller provides a smoother response
compared to the standard MPC. Although the RMSE of
Adaptive MPC is slightly higher, the difference is
minimal (0.061 rad).

- For the pendulum angle, as seen in Fig. 4, the output
response of the MPC controller exhibits a larger
overshoot compared to the Adaptive MPC. Such a large
overshoot can easily lead to system instability, preventing
the pendulum from maintaining balance. Additionally,
the RMSE of Adaptive MPC is 1.5 times smaller than that
of MPC.

- Regarding control energy, Adaptive MPC trades off
control energy to enhance control performance. As a
result, its RMSE index is 1.2 times higher than that of
MPC. However, at a steady state, both controllers
consume the same amount of energy.

To further demonstrate that adaptive MPC can adapt to
highly nonlinear systems when operating conditions change,
the author will set the arm angle to track a reference signal
with =8 (rad). The results are shown in Fig. 5 and Fig. 6.

Phuc-Hoang Huynh, A Study of Adaptive Model Predictive Control for Rotary Inverted Pendulum



Journal of Fuzzy Systems and Control, Vol. 3, No 2, 2025

102

From Fig. 5, adaptive MPC controller is still able to track
the reference signal, whereas the standard MPC fails to do so.
Furthermore, the arm angle response remains smooth, and the
overshoot in the pendulum angle is limited to 0.2 rad. This
demonstrates that Adaptive MPC has excellent adaptability
to sudden changes in operating conditions.
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Fig. 5. System response when tracking a step signal
To verify the trajectory tracking performance of both
controllers when the reference signal is continuously varying,

the author will set the arm to follow a sinusoidal signal with
f = 45sin(0.2nt) (rad). Results are shown in Fig. 6.
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Fig. 6. System response when tracking a sinusoidal signal

Control performance is evaluated using the RMSE
index, as presented in Table 2.

Table 2. System performance when tracking a sinusoidal signal

Adaptive MPC ~ MPC

a(rad) 1.232 1.293
B(rad) 0.019 0.018
u(v) 2.399 0.891

From the results in Fig. 6 and the control performance in
Table 2, the response performance of both controllers at alpha
and beta is nearly equivalent. However, the average control
voltage in Adaptive MPC is 2.5 times higher than in MPC.
From this, adaptive MPC should only be used when the
system dynamics change significantly due to varying
operating conditions. This can be determined either through
the system’s dynamic equations or through experimental
testing.

V. CONCLUSIONS

By linearizing the system at every operating point and
applying the matrix exponential discretization method to
update the predictive model for the MPC controller, we
obtain the Adaptive MPC controller. Since the model is
updated at each sampling time, the conventional Kalman
filter is no longer suitable. Therefore, the author has designed
the LTVKEF state estimator, which can estimate states based
on the updated model.

Through simulations under various conditions, it is
observed that Adaptive MPC delivers good control
performance and is well-suited for highly nonlinear systems
whose dynamics change significantly with operating
conditions. However, it is also evident that standard MPC
provides comparable control performance to Adaptive MPC
when operating around the pre-linearized working point
while significantly optimizing control energy compared to
Adaptive MPC.

The comparison between the Adaptive MPC and non-
adaptive MPC controllers also demonstrates that practical
implementation is entirely feasible, as the simulation
conditions leading to real-world experiments for the non-
adaptive MPC controller were successfully conducted by the
author in [15]. This controller presents a promising control
method for systems with changing dynamics under varying
operating conditions, such as autonomous vehicles, where the
dynamics vary with steering angle and speed.
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