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Abstract—Modeling the six-state Double Inverted Pendulum
on Cart (DIPC) is highly challenging due to its strong
nonlinearities and underactuated dynamics. To address this, the
system model in this study is derived using a systematic
forward-kinematics-based formulation from robotics theory,
previously validated for accuracy in both LQR experiments and
ANFIS simulations reported in earlier work. Building on this
validated foundation, the present study proposes an
Information Fusion Fuzzy Logic Controller (IF-FLC) to
overcome the curse of dimensionality commonly encountered
when designing fuzzy controllers for high-order systems. The
method compresses the six measured state variables into two
synthesized linguistic inputs—Synthesized Error (E) and Error
Change (EC)—allowing the construction of an efficient 49-rule
fuzzy controller without compromising essential system
dynamics. Simulations incorporating encoder quantization and
realistic measurement constraints show that the proposed IF-
FLC provides stable balancing performance and improved
robustness compared with the LQR benchmark. The results
indicate that information-fusion-based fuzzy design is a
promising approach for reducing controller complexity while
maintaining high performance, offering a practical pathway for
implementing intelligent control strategies on nonlinear and
underactuated systems such as the DIPC.

Keywords—DIPC; Fuzzy Logic Control; Information Fusion;
LOR; SIMO System; Forward Kinematics

L INTRODUCTION

The double-linked inverted pendulum on cart (DIPC)
represents a more complex extension of the classical inverted
pendulum, a system long recognized as a benchmark model
in nonlinear and modern control theory [1], [2]. With two
coupled pendulum links mounted on a horizontally actuated
cart, the DIPC exhibits strong nonlinearities, underactuation,
and inherent instability, making it an important platform for
evaluating advanced control strategies. Its dynamic structure
also resembles a variety of real-world engineering systems,
including humanoid locomotion, bipedal balance
mechanisms, robotic manipulators, and aerospace
stabilization systems [3], [4].

A wide range of control strategies has been applied to
stabilize the DIPC. Linear optimal controllers such as the
Linear Quadratic Regulator (LQR) offer effective local
stabilization around the equilibrium and have been
successfully demonstrated in several studies [5]-[9].
However, due to their reliance on linearized models, LQR
controllers often perform poorly when the system
experiences pronounced  nonlinearities, modeling
uncertainties, or external disturbances. This limitation has
motivated growing interest in intelligent control approaches.
Among these, fuzzy logic control (FLC) is known for its
ability to handle nonlinear dynamics and uncertainty without
requiring exact system models [10], [11]. Nonetheless,
traditional FLC faces significant difficulty when applied to
high-dimensional systems such as the six-state DIPC, due to
the rapid expansion of rule bases—an issue commonly
referred to as the “curse of dimensionality” [12].

Several studies have attempted to overcome this
challenge. Neuro-fuzzy systems such as ANFIS [13], [14]
provide ways to learn rule bases automatically from data,
while other approaches focus on dimensionality reduction.
One promising direction is the use of information fusion
techniques, which combine multiple state variables into a
reduced set of synthesized linguistic inputs. Such fusion-
based fuzzy controllers have been shown to considerably
reduce rule-based size while maintaining essential system
behavior, as demonstrated in [15].

Although these approaches have shown encouraging
results, several limitations still remain. Many existing
methods require large training datasets, involve
computationally intensive optimization procedures, or are
mainly validated on lower-order inverted pendulum systems.
Furthermore, only limited studies have investigated
information-fusion-based fuzzy control for highly nonlinear
and underactuated systems such as the DIPC. In particular,
the information fusion strategy reported in [15] mainly
focused on reducing fuzzy-controller complexity for a
conventional DIPC formulation and did not incorporate
optimal-control-based  state  prioritization,  encoder
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quantization effects, or forward-kinematics-based system

modeling. Consequently, the integration of information

fusion with model-based state weighting for realistic DIPC
implementation remains insufficiently explored.

In addition to control design challenges, accurate system
modeling plays a crucial role in achieving reliable
stabilization performance. While most prior works employ
Euler—Lagrange formulations, our previous study introduced
a forward-kinematics-based modeling framework derived
from robotics principles [16], offering a systematic and
structurally intuitive means of representing the DIPC
dynamics. This model was validated through simulation
studies incorporating encoder quantization [17], together
with real-time ANFIS-based control experiments [18],
confirming its practical applicability.

Motivated by the above research gaps, the present study
develops an LQR-based Information Fusion Fuzzy Logic
Controller (IF-FLC) for the DIPC system. Unlike
conventional fuzzy controllers that directly process all state
variables, the proposed method compresses the six-
dimensional state vector into two synthesized inputs—error
(E) and error change (EC)—through an information-fusion
mechanism derived from the LQR state-feedback gain
matrix. By incorporating LQR-based weighting into the
fusion process, the proposed controller preserves the
dominant dynamic characteristics of the system while
significantly reducing fuzzy-controller complexity. This
strategy enables the construction of a compact 49-rule fuzzy
controller without suffering from dimensionality explosion.

The primary objective of this research is to investigate
whether the proposed reduced-order fuzzy architecture can
achieve stabilization performance comparable or superior to
that of the conventional LQR controller while maintaining
computational  efficiency  suitable  for  practical
implementation. To better reflect realistic operating
conditions, the controller is evaluated under encoder
quantization and discrete-time sampling constraints within
the MATLAB/Simulink environment.

The main contributions of this study can be summarized
as follows:

e Development of a compact information-fusion-based
fuzzy controller capable of reducing the original six-
dimensional DIPC state space into two synthesized fuzzy
variables;

e Integration of LQR-derived state prioritization into the
fuzzy fusion mechanism to preserve dominant nonlinear
dynamic behavior;

e Implementation and evaluation of the proposed IF-FLC
under realistic simulation conditions, including encoder
quantization and sampling constraints;

e Quantitative comparison between IF-FLC and
conventional LQR control using RMSE-based
performance metrics for cart position, pendulum
stabilization, and control effort.

The contribution of this research is the development and
validation of a computationally efficient information-fusion-
based fuzzy controller for the DIPC system, demonstrating
that dimensionality reduction through information fusion
enables high-performance fuzzy control while avoiding the
curse of dimensionality inherent in high-order nonlinear
systems.

In this study, building upon the previously established
dynamic modeling framework and the successful
development of the LQR controller, an overview of the DIPC
system is revisited. The design methodology of the IF-FLC
controller is then presented, followed by the construction of
the system in a simulation environment and a comprehensive
performance evaluation.

IL SYSTEM MODELING AND PROBLEM FORMULATION

A complete derivation of the nonlinear dynamic model
for the DIPC system was presented in our previous work [17],
where the forward-kinematics-based formulation was
developed and validated through simulation and real-time
experiment [18]. In this study, the same model is adopted as
the foundation for the controller design. For completeness, a
brief summary of the mathematical structure is provided
below, while the full derivation can be found in [17], [18].

The overall configuration of the DIPC system is shown in
Fig. 1, and the corresponding reference coordinate frames are
presented in Fig. 2. The parameters of the system are shown
in Table 1.
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Fig. 1. Structure of the system
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Fig. 2. The axis system of joints in the system

The masses of the cart and the two-pendulum links were
determined through direct measurement, whereas the
moments of inertia were computed based on standard rigid-
body formulations. The center-of-mass locations for each
link were identified experimentally to ensure that the model
closely represents the actual hardware behavior. Combined
with the coordinate frame definitions shown in Fig. 1 and
Fig. 2, these parameters form the basis for the kinematic
description of the system, which in turn enables a consistent
development of the subsequent dynamic model.
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As detailed in our earlier works [17], [18], the system’s
kinematic structure was formulated using the forward- 0t, 0t; 01,7 "
kinematics framework presented by Craig [16]. This i al. 26. ad
formulation naturally links the generalized coordinates to the ly 6'[0 6’[1 6’[2 Ty
geometric configuration of the mechanism, which simplifies g, = -2 2 _Z T,
the evaluation of both kinetic and potential energy terms. An g dl, 06, 06, T3
additional benefit of this modeling strategy is its suitability 2 % d13 013
for systems with higher degrees of freedom, where 91, a6, a6,]
conventional approaches may become cumbersome. 3)
[ d (0L oL o1, 0ty 014]
Table 1. Parameters of the system dt aio al, a_'l'o 051 aéz .
l
Parameters Description Values d ( daL ) JaL dt, 01, 01, 6_0
0, Link 1 deviation angle radian N, o Y 5 5 1
0, Link 2 deviation angle radian dt \06, 06, dly 00, 00, g
Ly Cart position m d (6L> oL dt, 013 015 z
L, Length of link 1 0.1875m “\Z7 | 35 YR 5 A
L Length of link 2 0.278m dt\gg,) 06,1 Llol, 00, 06,
my The mass of cart 0.419kg
m, The mass of link 1 0.172kg The details of the system’s linearization and
’73 - The massf‘?fhn}df 8-1255]‘% controllability assessment were thoroughly discussed in our
o e moment of inertia of cart g.m : gl
I The moment of inertia of link 1 0.0033Kg.m? previous publications [17].
I The moment of inertia of link 2 0.0017Kg.m?
L Length of link 1 0.1875m III.  CONTROLLER DESIGN
L, ' Length of Tink 2 0.278m When attempting to apply a classic FLC to a complex,
Iy Link 1 center t(})lfemiavsstdlsmnce from 0.1265m high—degree-of-freedom nonlinear system like the DIPC,
l Link 2 center Oflflass distance from 0454m §everal major ob§tacles arise. First, the §ystem’s Qynamics
ez the pivot : involve multiple interconnected state variables — including
d Pulley pitch diameter radius 0.0191044m cart position/velocity and two pendulum angles plus their
g Acceleration of gravity 9.81m/s e : : :
F Applied force on the cart I angular velocities producing strong nonlinear coupling,

In this section, we provide a brief recap to ensure
continuity for the controller design. Building upon the Euler—
Lagrange framework established in [17], the nonlinear state-
space representation of the DIPC system can be written in the
following general form:

D(@g+Cla.d)qg+g(@ =1 (1
Where:

rdt; 0Jty 0747

al, 06, a6,

dt, Jdt, 01,

=D(ly,0.,0,) =|—4— — ——| e R3:3

(@ (Lo, 61, 62) al, 26, a6,
dt, 0dt3 0713 )

[9l, 06, a6,]

T=[11 T2 T3] € R

D1, (t): Applied force on cart, 7,(t): Torque acting on the
first pendulum, t3(t): Torque acting on the second
pendulum.

The acceleration terms can be obtained by rearranging the
state-space equations, yielding:

§=D@ (t=(Ca.9)q + (D)) @)

Where:
C(q,9)q + 9(q) = (t — D(q)§) € R*!
By substituting these components into (2), we get:

sensitivity to initial conditions, and pronounced dependency
on disturbances. Capturing the full behavior of such a system
with a standard FLC would require a very large rule base to
cover all significant regions of the state space. Second, as the
number of inputs increases (or fuzzy sets are refined for better
precision), the rule base grows combinatorially, making its
design, tuning, and maintenance extremely difficult and

computationally expensive. As a consequence, a

conventional FLC for DIPC often ends up either

unmanageably large or insufficiently robust across all
operating conditions.

To address these limitations, we propose a hybrid control
philosophy that blends fuzzy logic with a model-based
baseline controller — a concept often referred to as
information-fusion FLC (IF-FLC) [15]. Instead of attempting
to cover the entire high-dimensional state space exhaustively,
the controller operates on a reduced set of synthesized or “key
indicator” variables. This allows the fuzzy component to
remain compact, while the baseline controller (for example,
LQR) handles nominal stabilization under normal conditions.
The advantages of this hybrid strategy include:

e Compact rule base with maintained adaptiveness: By
reducing the number of fuzzy inputs via information
fusion, the rule base remains small enough to design and
tune practically, yet still offers flexibility to respond to
nonlinearity or uncertainty.

e Combining model-based precision with fuzzy
adaptability: The baseline controller guarantees stable,
predictable performance in nominal scenarios, while the
fuzzy module adapts control parameters when nonlinear
effects, parameter variations, or disturbances occur.

e Lower tuning complexity and computational load: Since
the fuzzy logic is only applied on reduced-dimensional
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indicators, the number of rules and computations remains

moderate, making real-time implementation feasible even

on resource-limited hardware.

Therefore, this hybrid fuzzy—model approach leverages
the strengths of both classical control and intelligent
adaptation, while avoiding the impracticalities that typically
hinder the application of standard FLC to high-order
nonlinear systems such as the DIPC.

A. LOR-Based Foundation

In our prior work [17], [18], we derived the optimal full-
state feedback gain matrix K using the LQR approach for the
DIPC system. In the current study, this gain matrix serves as
a foundational element for the proposed IF-FLC design.

K=[K. Ki Kg, Kgl Ky, K@z] 4)
Where:
K, =0.9763,K; = 4.9193,Ky, = —30.8268

Ky = —15.2867,Ky, = —136.3463,K, = —24.7514
1 2 2

B. Design of the IF-FLC

Based on (4), we obtain the state-feedback gain matrix for
the DIPC system. From this matrix, the controller’s action
can be decomposed into two principal components: feedback
proportional to the current values of the state variables and
feedback proportional to their rates of change. By
normalizing these components using appropriate weighting
factors, we introduce a hierarchical prioritization among the
states — assigning descending importance to the second
pendulum’s angle, then the first pendulum’s angle, and
finally the cart position. On this basis, the following
expression is constructed:

K Ko, Ko, 0o 0
e | Ko Ko, Ko, 5
()= o o0 o K Ko Ko ©)
Ks, Ks, Ko,

By substituting the values from (4) into (5), we obtain:

F(x):[_0'00716 0.226 1 0 0 0]
0 0 0 -0.1987 0.6176 1

(6)

At this point in the design, the original six-dimensional
state vector is reduced to two synthesized quantities: a
combined error measure (E) and its corresponding rate of
variation (EC).

[EEC] = Flo)x )

The architecture of the proposed IF-FLC controller is
presented in Fig. 3.

Out —u
FLC —3 K, —9 DIPC |yl

(L,.1,.6,.6,.6,.6,]

Fusion Function 4—

Fig. 3. Fuzzy fusion function structure

MATLAB’s Fuzzy Logic Toolbox is employed to
implement the fuzzy controller.

In the Mamdani-type fuzzy controller shown in Fig. 4
developed for the DIPC system, the inference parameters in
MATLAB are configured as follows:

o AND method: min.

o OR method: max.
e Implication: min.
e Aggregation: max.
e Defuzzification: centroid.
: \ LOR_Fuzzy
/ (mamdani)
ﬁ output1
EC
| FIS Name: LOR_Fuzzy FIS Type: mamdani
And method min ¥ Current Variable
Or method max o | || Neme E
™ on i Type input
Range 33
Aaggregation . »
Defuzzification centroid Help ] Close | |

Fig. 4. Development of the Fuzzy Controller

Given the highly nonlinear, inherently unstable, and
disturbance-sensitive nature of the DIPC, the choice of fuzzy
inference mechanisms plays a critical role in ensuring stable
and robust control behavior. In this study, a Mamdani
inference framework combined with centroid defuzzification
is adopted. These settings are not chosen arbitrarily; rather,
they are selected to suit the nonlinear dynamics of the DIPC
and to provide smooth, stable, and well-behaved control
action across the operating range.

Fig. 4 and Fig. 5 present the membership functions
assigned to the input variables E, EC, and the controller
output. Each input and output variable are partitioned into
seven triangular membership functions, defined as:

NS (Negative Small)

NM (Negative Medium)

NB (Negative Big)

ZE (Zero)

PS (Positive Small)

PM (Positive Medium)

PB (Positive Big)

All variables are normalized onto the common interval
[-3,3], which greatly simplifies the controller design.
Without normalization, each state variable would require a
distinct universe of discourse due to differences in scale and
physical magnitude. By projecting the variables onto a
unified and symmetric domain, the membership functions
become consistent across variables, allowing tuning to focus
on function shape rather than absolute magnitude. Moreover,
adopting a compact and fixed input domain reduces
computational effort - an important consideration for
potential real-time implementation.

As noted in [15], the rule set in Table 2 originates from
expert-derived  heuristics and accumulated practical
experience.
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NB NM NS ZE PS PM PB

-3 -2 -1 0 1 2 3
Fig. 5. The membership functions of the inputs and output

Table 2. Fuzzy control rules table [15]

NB NM NS ZE PS PM PB

IV. SIMULATION PROGRAM

The simulation environment is implemented in
MATLAB/Simulink 2020a with a sampling period of 0.005
s. The initial angular displacement of the first pendulum link
is set to 0.1 rad (approximately 5.7°), while the second link is
initialized at 0.15 rad (approximately 8.6°).

A. Simulation Environment Setup

To better reflect real-world operation, the state variables
in the simulation are obtained through a virtual sensing
process that mimics the behavior of the physical encoders
(Fig. 7 and Fig. 8).

The overall Simulink model of the DIPC system is
presented in Fig. 6 and the overall model using the IF-FLC
controller is presented in Fig. 9.
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Fig. 6. Simulation of the DIPC system
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Fig. 7. Simulation of the cart’s encoder [17]
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Fig. 8. Simulation of the encoder for pendulums [17]

Fig. 9. Simulation of the DIPC system using the IF-FLC controller

The fusion block is shown in Fig. 10, consistent with the
formulation introduced in the theoretical section. In this
stage, the system state variables are first weighted by the
LQR gain matrix K and subsequently grouped into the two
synthesized indicators, E and EC. Before entering the fuzzy
controller, both quantities are normalized to the interval
[-3, 3] to match the predefined domains of the membership
functions and ensure proper inference operation.

= [ =g

4@
=

Normalization

B :
EC

Fig. 10. Fusion Information block

B. Results and Discussion

The cart position response in Fig. 11 shows that, due to
the initial angular deviations of both pendulum links, the
actuator produces a large control force to drive the system
back toward the vicinity of the upright equilibrium. This
initial corrective action leads to noticeable oscillations of the
cart, which subsequently diminish as the system stabilizes,
with the motion settling within approximately £0.2 m - a
range that remains acceptable and safe for operation.

A clear performance advantage of the IF-FLC controller
over the LQR controller can also be observed. The cart’s
overshoot under IF-FLC is reduced to about 0.8m, compared
to nearly 0.95 m when using LQR. Furthermore, once the
system approaches equilibrium, the residual cart oscillations
under IF-FLC remain small, around 0.03m, in contrast to
roughly 0.15 m with the LQR controller. These results
indicate that the IF-FLC controller enhances the system’s
stability and achieves significantly lower steady-state
oscillations compared with the conventional LQR approach.

Fig. 12 and Fig. 13 present the angular responses of
pendulum 1 and pendulum 2, respectively. For the first
pendulum, the oscillation amplitude remains within
approximately (—0.05, 0.04) rad when controlled by the LQR,
whereas the IF-FLC further reduces this range to about
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(—0.03, 0.03) rad. Similarly, for the second pendulum, the
angular deviation stays within (—0.02, 0.02) rad under LQR
control and is reduced even further to (—0.01, 0.01) rad with
the IF-FLC. These results confirm that both controllers
maintain stable responses for the two pendulum links.

—LQR
0.2 —Fuzzy-Fusion function

Cart's position (m)

0 10 20 30 40 50 60 70 80 90 100
Time (s)

Fig. 11. The cart position response

—LOQR
06 —Fuzzy-Fusion funetion

Link1 (rad)
: _ =

=
i

L4
=

4

&
]
=

20 30 40 50 60 70 80 20 100
Time (s)

Fig. 12. The first pendulum’s response

—LOR
—Fuzzy-Fusion function

Link2 (rad)
L £ s - =
Z % = & & &

&
>

5
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10 20 30 40 50 60 70 80 920 100
Time (s)

Fig. 13. The second pendulum’s response

It is also noticeable that the IF-FLC produces slightly
larger transient oscillations during the initial recovery phase
as the pendulums move toward the upright equilibrium.
However, once the system settles near the equilibrium region,
the IF-FLC achieves significantly smaller steady-state
oscillations compared with the LQR controller. This indicates
that the IF-FLC provides superior damping characteristics
and improved stability around the upright position.

The control force is converted into an equivalent torque
by multiplying it by the pulley pitch radius, allowing an
estimation of the torque applied to the system. As illustrated
in Fig. 14, the resulting torque ranges approximately from
—0.15 to 0.15 Nm. The IF-FLC controller generates a
comparatively stronger actuation on the DIPC, which
accounts for the slightly larger transient oscillations in the
pendulum angles during the initial stabilization phase.
However, once the system moves close to the upright

equilibrium, the increased actuation enables the IF-FLC to
achieve a more stable response than the LQR controller.
These observations provide valuable insight for hardware
tuning and for ensuring that the actuator capabilities are
sufficient to meet the performance demands of the system.

Table 3 summarizes the RMSE values used to
quantitatively assess and compare the system responses under
the IF-FLC and LQR controllers. These metrics provide
additional evidence supporting the performance differences
highlighted in the preceding discussion.

025 —LOR
Fuzzy-Fusion function

0 10 20 30 a0 s0 60 70 B0 90 100
Time (s)

Fig. 14. Applied torque on the cart

Table 3. Quality of DIPC according to the Root Mean Square Error

Standard
Response Controller
of system LQR IF-FLC
Cart (m) 0.1608 0.0816
Link! (rad) 0.0362 0.0468
Link?2 (rad) 0.0145 0.0130
Torque (Nm) 0.0378 0.0777

Based on Table 3, a clear difference in the response
quality of the DIPC system under the LQR and IF-FLC
controllers can be observed through the RMSE index. For the
cart motion, the IF-FLC controller achieves a significantly
lower RMSE than the LQR (0.0816 compared to 0.1608),
indicating improved tracking accuracy and reduced position
oscillations. In contrast, for the angular responses of Link 1
and Link 2, the RMSE values of the two controllers are
relatively similar. This can be attributed to the larger initial
oscillations exhibited by the IF-FLC, which increase the
RMSE of both pendulums and the control signal during the
transient phase. However, when considering long-term
operation, the IF-FLC demonstrates much smaller oscillation
amplitudes and superior steady-state stability compared to the
LQR controller. Overall, these results confirm that the IF-
FLC provides superior performance in cart positioning and
certain nonlinear state responses, while also highlighting
differences in control energy characteristics relative to the
LQR controller, in agreement with the preceding discussion.

V. CONCLUSION

This study proposed an LQR-based Information Fusion
Fuzzy Logic Controller (IF-FLC) for stabilizing a Double
Inverted Pendulum on Cart (DIPC) system. By employing an
information-fusion mechanism derived from the LQR gain
matrix, the original six-dimensional state vector was reduced
to two synthesized fuzzy variables, enabling the
implementation of a compact 49-rule fuzzy controller while
preserving the dominant dynamic characteristics of the
system.

Simulation results demonstrated that the proposed IF-
FLC successfully stabilized the DIPC under encoder
quantization and discrete-time sampling conditions.
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Compared with the conventional LQR controller, the IF-FLC
reduced the cart-position RMSE from 0.1608 m to 0.0816 m,
corresponding to a 49.3% improvement. Furthermore, the
controller produced smaller steady-state oscillations of both
pendulum links, indicating enhanced damping characteristics
and improved long-term stabilization performance. These
results suggest that the proposed information-fusion strategy
effectively mitigates the dimensionality problem commonly
encountered in fuzzy control of high-order nonlinear systems.

The study also provides additional validation of the
forward-kinematics-based DIPC modeling framework
combined with the Euler-Lagrange formulation, offering a
systematic representation suitable for intelligent control
applications. Future work will focus on real-time
experimental implementation, robustness evaluation under
uncertainties and disturbances, and adaptive tuning methods
for the fuzzy inference system. Overall, the proposed IF-FLC
demonstrates a practical balance between controller
complexity and nonlinear stabilization performance for high-
order underactuated systems.
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